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A  Model

A.1 Demand System

We consider an arbitrary invertible demand system z} = 2%(p, p; *; My) = x*(pi/My, p; /M) for
firm i. Firm profit is given by IT} = (pi — Wy)a®(pk /My, p; : /Mt) We assume that nominal spending
must be equal to the money supply, Wthh yields RC; = = W;. Given symmetry, demand is
shared equally between firms, which equals 2! = M;/(nP;) = 1 /(np) in steady state. We define
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CES and Monopolistic Competition We assume that the number of firms n is infinite in-
stead of two. For each product line j, consumption is aggregated based on the CES form: ¢} =
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where we use d(x)/dlogx = d(x)/(dz/z) = x.

Hotelling Address Model and Duopolistic Competition In the case of the Hotelling model,

demand is given by 2 = (% _ log(Pi/Mt)—log(pt_l/Mz)) My Ty, logz = log (% _ log(Pi/Mt)—log(pt_l/Mt))_
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Table 1: Comparison of CES, Kinked Demand, and Hotelling Models

General CES preferences CES preferences Kinked demand  Hotelling
(monopolistic, n — o) (finite n) (n=2)
Own elasticity ¥ —0<0 —% <0 - T <0
Cross elasticity ¥ —* 0 0771 >0ifo>1 - % >0
Own superelasticity W 0 —(n—1) (%)2 <0 Lower -5 <0
Cross superelasticity ¥~ 0 (‘7771)2 >0 - >0
Steady-state markup o | N
without price stickiness p — 1 T o1 (n=1){z=1) - ’
Slope of the best response price % 0 {(n—l)gi-l_—}}(n—l) H-%
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Suppose that ¥’ is the same for the CES and Hotelling models, that is, —(o +1)/2 = —(1 + 1) /7,
which yields 0 — 1 = 2/7. Then, it is clear that the other ¥’s become the identical.
Table 1 provides the comparison of demand elasticities for a general model, CES preferences

based on monopolistic competition, CES preferences based on oligopolistic competition, kinked

demand, and the Hotelling address model.

A.2 Steady State without Price Stickiness

Before we introduce price stickiness, we consider the equilibrium in a steady state. The first-order
condition with respect to p} yields
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In the steady state with W = M =1, it becomes
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By differentiating with respect to log(p~*), we obtain the best response of log(p’) to log(p~) as
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In the case of the Hotelling model, it equals
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Thus, the degree of strategic complementarity is positive.
A.3 Pricing under Calvo-type Price Stickiness
When firm 7 has a chance to set its price at ¢, it sets pi to maximize
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The first-order condition for the optimal p¢ is given by
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Given the Markov perfect equilibrium, the log-linearized optimal reset prices are expressed in
the following forms:

Py =Th 1 + T + ey, (10)

dlogp, |, /dlogp; =T* for k > 1, (11)

where p! = thepi*, pl = theﬁg. It should be noted that, in general, the partial derivative
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where ¢; is an aggregate monetary policy shock. This suggests that dlogp? (pf, pf;, erv1)/ Ologpg4 =
I'* + goologpft + g12logp? + gozery1 + - . Thus, it generally depends on state (pi', pP, e:41). In
our study, we make the log-linearization approximation, that is,

logp;’ = Tlogpt’ + Ilogpit | + e, (13)
which approximates along(pﬁFk_l,pg_k_l, Tyyp)/Ologpft =T* for k=1,2,---

Proposition 1 The method of undetermined coefficients enables us to solve p, I', T'*, and I'® from
the coefficients of 1, p;_,, p,, and ¢ in the following equation:

0= 1
- (1_% lfﬁgpﬂp) at+\1ﬂ'1_10ﬂ (Fpt S o T st)
_ qril i 0 (1 719% : 722@3) e+ qf*iﬁpgjl
o Ll—%p - 1w 11—7936] pet
N ( LoPio1+ mepih + kget)
%W "
( * 113 ‘I“IJUHIJH))1fp(1ﬁﬂ967lfﬁ9pﬂp)€t
(% (- % YT 4 \1/)> ﬁ (rpz’_l ST+ rgat)
%)(\1/ g o 1)11,)9(1_1925 - 1_226p)st
= @ )
= T ) e e T T ) P
F = D@V VT b+ i+ s
+(1- 1) ( 7;25 : _19[3> g
_ (%\I/_i . %)(qﬂ'qf—i +\1ﬂ'"")> r { 1fp (1 fﬁeﬂ - lfﬁopﬂp) e — 15,) (1 iﬂ% 1?52’)@) }
+ (%W’i +(1— %)(\p"\p” + qﬂ'**i)) (1 ﬁﬁ@ﬂ -1 329626) I (Tiy + D7 p 0 + Tt
-t ey [ - T g e
FO= D@ e sl s, (1)

where 207 ,;g, %o are the second row and first to third columns, respectively, of the following ma-
trix:
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and };1, ,;f, %71 are the second row and first to third columns, respectively, of the following matriz:
B
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(Proof) Equation (14) can be derived as follows. Note that the term A/'\t’“ Pf’:—k M]&tk equals one because P.C; =

Mt. Thus,
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In log-linearization, each term in the above equation is given by
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Thus, the first-order condition becomes
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This equation is approximated up to the first order. It should be noted that the 0-th order term, where p, = 0, yields
the steady-state price p, which is different from that under flexible prices. Because of the first-order approximation,

we can ignore second-order terms such as p;"p, /.-
Note that we have
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Thus, equation (15) is rearranged as
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Steady State: Proof of Lemma 1
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From equation (14), in the steady state, we should have
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When I' = 0, then

Py
When ¥¢ = —T and ¥~% = 1 we have
[y 147 0BA-0)1 7"
p=1 {1 T + 1-6%25 TF

B 1 68( )17
_1_{_F+1—92ﬁ F}

A

Log-linearization around the Steady State: Proof of Lemma 2 In equation (14), the
term of p,*; equals

0 :qﬂ'ﬁ (i)

T gt
0 (wpih)
g 1 o o 1
\Ill‘;[}l \I}l’l F* A7
(L ra- e e) o ()
P 1— 92/8pt_1

| NP iy, —iad
+(1*2;)(\I’\I’ + U ( wobit)

1__; 1 i —i i,—i 03 92/3 * * A
< (oo o) (2 - i) o ()

) —d,—iy —ia—i
+(1—5)P (U U0 (P )

Suppose W% = 0. Then, the term of pt 1 equals 0 = F* (\I/Z(\I” +1)— \I/“), which leads
to I = 0.
By approximating as p ~ \I” +1’ we have the condition for I'* to satisfy:
0=v 1= Qﬁr
_; 0
A
+0
v 1-08
l —1i 9
(W~ 4 o =975

(T U ()

_l _Z ’l/ 1 0 92 * *
( g (Mf + Ut )>(1_595—71_§2/3)r(r)

3
L
i

—@r (TT T+ ().
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1
1-03

0=U" r

_0
1-6%3
T

\Ili,i 1 .
+(17 \Ili)l—eﬂ(r)
i, U 0
(v %) =
—i \I/i’_i —
- (‘If +v>( %0)

\I/ii \I/i,fi HB 925 N .
*(@- T )(1—0ﬂ’1—026>r @)
1

+ o

R A AT )
0=v 1_951_‘
\Ili,i 1 .
+(17 \Pi)l—eﬂ(r)
w6
U 1-6%3
\Ili,—i i
—v( ko)
\I/ii \I/i,fi HB 925 N .
+(x1n‘ BT )(1—0671—926 ()
1 i —i,—iy, —i
—@F (T ()
i,—i —i 0B 0°3 2 —i—i —i,—iy —ip i,—i 0 —i
(W )(1_%—1_926)F T T T (e
1 o -
_ i i bt * 1
1_%(\1:(\1:+1) v )F (18)

Proof of Corollary 1  In the CES/Hotelling models, we have (n —1)¥~ = —(1+ ¥?). Further,
we assume U = U~4~1 = @i~ = (¥ ~%)2 which holds when n = 2. We allow a slight deviation
for superelasticity U and W» % as —(U~4)2 — 4410~ and (U~%)2 4+ 45 ~W % respectively, where
|y, 44~ < 1. Then, the above equation becomes

—1i\2 T, — T\ — 1 —1 eﬂ 02ﬁ *2 —1i\2 T,— T\ —1 6 —1
(@ e ) (P2 - L) T e (s i)
_ 1 —1 —1 —1\2 T8, — 1 *
_m((—l—(n—l)\ll Y=(n— 1)U ) + (T2 + 40 )r.
—i i,—i 0 6? * 1 i, —i\ = —i i,—i 0 —i
(W 4 A" —1)(175%—%>F2—179ﬂ(n—1+7’+((n—1)2+1)\11 )F F (T 4y )<m+ ko)zo

Further, if | ;7| is sufficiently small and 8 ~ 1, we have

. T (n — 14ty ((n —1)2 4+ 1) \11—7") + \/{ﬁ (n—14~bi 4 ((n—1)2+1) \I/*i)}Z — (Wi oy ) (% - 122) (=i 4~ =) (ﬁ)

—i 0 62
2001 - 1) (185 - 22

2 (-1 (-2 1)) \/{ﬁ (n—14~8i 4 ((n—1)2+1) \I/*i)}Z — AW 4 yh—i - 1) (1%%)2 (Ui 4 yis—0)
2(w—i

01
~Dis 130

n—14~5% 4 ((n —12 4 1) LA \/(n — 14 ybi 4 ((n— 12 4+1) W—1)2 — 4(W—i 4 451 — 1) (ﬁae) (U= 4 ~i—i)

29—t - 1)y
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According to numerical simulations, the lower value in the above equation constitutes the approxi-
mate solution for I'*, while the higher value does not probably because | ;| is no longer sufficiently
small. Thus, we have

.. . 2
n= 14 4 (0= 1)° + 1) U — ¢ (= 1 (0 = 1)? +1) U= — 4@ 4y = 1) (525 ) (07 4 957)

r= _
(W —1)%;
(19)
—i_/(n— n— —i\2 _(\y—i_ —i
When 6/(1 4 60) ~ 1/2, we have I'* ~ no (o) U ()R e (U ) This

. (-1 .
suggests that I'* > 0 when V™" > 1, I'* > 0 when 0 < ™" < 1, and I'* < 0 when ¥~ < 0 and

|| < 1. Furthermore, when n = 2, we can show that OI'* /0¥~ ~ c{13(¥~9)2 - 16V~ +13} > 0
when /(1 + 6) ~ 1/2, where c is a positive constant. We can also show that I'* /97" < 0 and
or* /oy5~% > 0.

A.4 Numerical Illustrations

We solve p, I', I'*,and I'®* numerically without resorting to the approximation given by Lemma 2
and Corollary 1. Figure 1 shows how the persistence of monetary policy shocks p influences the
policy function.

To derive Corollary 1, we assumed p ~ /W (V¢ +1), | ,;(ﬂ <1,B~1, (n—1)T "= —(14T?),
and U = U471 = —@h~0 ~ —(U~)2 If this assumption were invalid, the difference between
numerical calculation and analytical approximation would be large. We compare the coefficient of
dynamic strategic complementarity I'* when we calculate it numerically based on Proposition 1 in
the Appendix and when we approximate it based on Corollary 1. We calculate I'* by changing
one of the following four parameter values: transport cost 7, the number of firms n, the Calvo
parameter 6, and the persistence of monetary policy shocks p.

Figure 2 shows that the two lines are similar, suggesting that Corollary 1 provides a good
approximation for I'*. The approximation error is large only when 6 is close to one, that is, the
price is highly sticky.

B Details on the Hotelling Address Model

B.1 Best Response
Firm A’s profit is given by

0 if logp “logp” 4
A A
O(p*,p?) = { (p* — W) (L — leep"—lozp™ {Tlogp3> M 1 <l lomp” (20)
(" — W) if losp® —logp® g

Thus, the derivative of firm A’s profit with respect to p? given firm B’s price p? is given by

0 if losp” —logp® >
oopd —loapB . oepA _loenB
7, ) = WG (5= 25 ) 4 =) () i 1 < bt <
WM if losp®—loap® < _q
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Figure 1: Policy Functions under Price Stickiness: Dependence on the Persistence of Monetary
Policy Shocks

Note: The figure shows the coefficients of policy functions for the optimal reset price by firm A given by pi* =
Ipt 1 +T*pE | +T°e;. The horizontal axis represents the persistence of monetary policy shocks (p). The dashed line
represents the coefficients of policy functions for the CES monopolistic competition model (n — co and o = 9).

A
If-1< M < 1 (the second line in equation (20)), the derivative is zero when p# satisfies

1 logp? — logp® A 1
W(Q 2r =T =W g

pt 4+ Wlogp?* =W (7’ + 1+ long) . (21)

We define such p? by p?* (pP). Since the left-hand side of the equation increases with p4 mono-
tonically from —oco to oo, such pA* (pB ) is uniquely determined. Moreover it is clear that pA* (pP )
is increasing with p®. When p? is low, this p**(p?) falls in the range of logpA%long > 1 (the first
line in equation (20)), which causes firm A to earn zero revenue and profit. In this case, the best
response is arbitrary (i.e. not limited to p*(p?); p* = W is a best response as well), but we simply
assume that pA*(p?) is a best response. If M < —1 (the third line in equation (20)), firm
A should choose as high price as possible, which equals exp(logp? — 7). Note that the equality of
-1= M holds when p? = W (27 + 1) and p® = exp [t + log{W (27 + 1)}] . Further,
strict inequality of —1 < M holds when p? < exp [r + log{W (27 + 1)}].

In sum, the best response of p* given p? is expressed as follows:

pA(pB) _ pA* (pP) if pP < exp[r + log{W (21 + 1)}] (22)
exp(logp® — 7) if pP > exp [t + log{W (21 + 1)}]

Differentiating pA*(pB ) with respect to p? around the steady-state value of p = p? = p? yields
p¥ + W /p* . p* = W/pB, which, in turn, becomes

P =1/(2+1). (23)

Thus, the degree of strategic complementarity is positive.
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Figure 2: Dynamic Strategic Complementarity: Numerical Calculation and Analytical Approxima-

tion

Note: The figure shows the coefficient I'* of policy functions for the optimal reset price by firm A given by pi** =
Dpy +TpEy + e
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B.2 Pricing under Calvo-type Price Stickiness

When firm A has a chance to set its price at ¢, it sets ]3;4 to maximize

> M, k 1 logﬁf — lngtB,1 At+k: Pt Mt+k
ek kE 1— t+ 0k+1 - .
max ) 6" 5" [( 7 2 2r A: Pox M,

o) k —A —B
k ok My, kw1 logpi — logp, ys
S E|(1-252) S a- L
+k:09 B E: [( o (1-0)0 3 5

t k'=0

Aer Pe Mgk
At Pt+k Mt ’

(24)

Hereafter, we assume Wy = My = 1 in the initial period. The first-order condition for the optimal

ptA is given by

0 =§00’“ﬂkE (%) Miss [9k+1 <1 logp;* ;Tlogpf_lﬂ . Aj\tk Pitk M]\;;k
3 () e [ (-] e
+z§ogkﬂkE <1 - A{tgk) <_ 271@ ) ' A/t\tk Pik MAZk

In log-linearization, let us denote 13 thept P = thept as well as 8logpt i /310gpA — T* for

any k > 1 (which we will define in detail later; it is independent of k because we consider a case in
which the price of firm A is unchanged at 13{‘). Note that dlogp? /dlogpi* = 0 because firm B does
not know at ¢ that firm A revises its price at . Then, the log-linearization leads to

0= iokﬂkE L\ Mok [pern (1 P — Py +1og(Me/Me-1)\] Aesn Pe My,
t Mt 2 2T At Pt+k: Mt

Ax
ePt

+ i9kﬁkEt (pei?* ) MAZ’“ le:(l — )9 (; e —21:g(Mt+k//Mt)> . Af\:k Pit_k Mz\zk
Zﬁ <1 - u) () By 2 M
Steady State In the steady state, it becomes
0 ;0’“,@’“ (%) . % +§9’“5’“ (1 _ %) <_%>
—&-g@kﬁk 1- %) (1- 6" (;) ,
which yields
p=1+71 (1 — (1 - 9225 ) ) (25)

Log-linearization The log-linearization proceeds as
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0 :iekﬁkEt Musr [prrr (1 P — Py +log(Me/Mi—1)\] Asyx Pr Mik
Mt 2 2T At Pt-Hc Mt

X At+k Pt

oo k Ax Bx
’ — » — log(Myy /M
+Y 6" 5E, My [Z (1—6)0"* <1 Pt = pi — log(Myqwr/ t)) -
t

Mt 2 27
k’=0

+ 0" E: (p+ ppi" — Mosn/M: ) <—

1 > ) Ny Pr Mgy
k=0

Z At Pt+k Mt
T Ay Po Mgy

k ok Ax k
+ 300 B (it prepl = Mo /My ) (1= 01 - S8 5 S0

A M,
The term E’“ Pﬁk ]\Zk equals one because P;C; = M;. Thus, we have

1

k=0

+Z€ BYE¢ (—1) log(Myy /M) (*%)

+Z€ BYEs (—1) log(Myr /M) (1 — 6%) <E>

2T
k k+1 it —pr 1 + log(My/M;—1)
+Ze E: [e ( 5
k Ax Bx
k—k' [ Pt T Piyw —IOg(Mt+k//Mt)

+ZGB (pp )( zT>
+Z€ 3" (pp ) (1-0% (gj)

:At + Bt7

where

= kiﬂkﬁkEtlog(MHk/Mt) (%)
+Z€ BE¢ (—1) log(Mi+x /M) (‘%)
+ Z@ B Er (—1)log(Myyx /M) (1 — 0%) <1;)

n ZekﬁkEt |:9k+1 <_p24* — P+ log(Mt/Mtfl))}
k=0

+295( )(217>
S )0 (5).

k

o5} Ax B x
_ k ok VT B e I log(Myr /M)
= ;zo:e B*E, {E (1-6)0 ( - .

k’=0
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Note that for k > 1, we have

As for Ay, we have

As for By, we have

E¢[log(Mitr /M) Z Everrn = p(1—p")/(1=p) -,

> 6" B Erlog(Miyr/M;) = 1fp (

k=0

8 6Bp -
1-08 1-68p) "

A= 1fp (1 ﬁﬂé’ﬁ 1 fﬁ@%p) o (%>
HENTE (1 =Rk fﬂ@%p) Et (_%)
+ (=D 1fﬂ <1 ﬁﬁ@ﬂ - 13[39/,)6’;)) o (12;7>
- 15/3 (1 Tiﬁ 1 3252%;7) - <57>

0 Ax ~B 1
+ m(m — Pi—1 + &) (*;)

o= 2ot -0 () i)

+Ze’“6 = [Zk: 0)0* " pi (217)}

k’=0

oo e (42222) 1)

k!

- (1 —1% - ﬁ) S %)

+ B,

o k41 k41
Z kok |1 _ pktl P -0 . PEL i
00 {1 ’ p—10 a 0)]1—p(27)
k=0

=B,

() (- ) ()

n 1 1-60 +1—p 0 pee (1
1-608 p—01—-08p p—01—028]1—p\27
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if p # 6, where

Ze’“ﬁ 3 [Z 0)0"~ kpffkf] (%)

kE'=0
oo k
Bx 1
€ [Bla] = D00 E, [Z st (1)
k=1 =1
1
B) = 0BE, [Bi,1] +Ze B*(1 — 0)0"E, [pt ] (§>
k=0
1-6 B 1
= 0BE: [Bia] + T gagEe [pt ] (§> . (30)
We further have
ABPt 1+ AB*ﬁF—l + AP%e, (31)

E, [BM] = B0 [A"B + APB0 4+ Aeu ]
= A"p 4 A% {0 (71— 20 ) + (1= 0P} + A7 e
= A% (Tpy + TP + %)
AP {9 (pf_l - et) +(1-6) (rﬁf_l +Tp0 + I‘Est)}
+ AP pey
- (ABF +(1- G)AB*F*> P,
+ (ABP* LOAPT (1 - a)AB*r) pey
+ (ABFE AP (1 - AT 4 ABEp) &

It should be noted that the optimal prices are expressed in the following forms:

=Tpit, + T | + T, (32)
=TpB | +T*p | + %y, (33)
Ologpp, ./ 310gpt = Opph,/Opi* =T, (34)

where I', I'*, and I'® represent coefficients to be determined. They are determined by equation (26)
or (27) by comparing coefficients on pi* |, p2 |, and ¢, each. More precisely, we use equation (25)
for p and equations (28) and (29) for A; and By.

Inflation Dynamics Aggregate price index is given by

1
log P, = / logptdj (35)
0
for product line j. For each 7, suppose the log-linearized prices set by firm A and B are given by p;'
~A__»B
and ﬁtB , respectively. Then, consumers x = % — % buy from firm A at ﬁf and 1 — x consumers

buy from firm B at pP. Thus, the log-linearized price aggregated at the level of product line j is
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given by
wpy + (1 —a)p;

(1 _pt=pp P 1 pf—pf P
2 27 t 2 27 t

N o A A ~B\ 2 . .
_pt+or (B —p0) it 47
2 o7~ 2

Under symmetry, the log-linearized aggregate price becomes

1 ~AA ~B
Ij)t:/ (pt ;pt )dj
0
1 1
=e/ uat_l—et)dﬁ(l—e)/ pidj
(0] 0

=0P 1 — O + (1 — 0) (Tpr—1 + D he—1 + ITey)
= I‘Lptfl + {(1 - Q)FE - 9} Et, (36)

where k =60+ (1 —0)(I'+I'*). For the inflation rate my = log(P;/P—1) ~ ¢ + P, — ptfh we obtain

Tt — &t = Ii(ﬂ'tfl - Etfl) + {(1 - 9)1—‘6 - 0} (5t - €t71)
m=kmi—1+ (1 —0) (14T —{s+ (1 —0)T° — 0} er—1. (37)

This suggests that inflation dynamics is influenced by I', I'*, and I'*, which are, in turn, influenced
by 7.
The above equation can be further transformed into

e = (k+ p)me—1 — kpme—2+ (1 =) (1 +T)pe — { + (1 — O)T° — 0} pe—1. (38)
Then, we obtain
pe = (m — (K + p)me—1 + kpme—2) /(1 = 0)/(1+T°) +{r+ (1 =0T =0} /(1 - 0)/(1 +T%) - pe—1
me = (K + p)m—1 — kpme—2 + (1 — 0)(1 + T°) e
e+ (L= O — 0} {(momt — (s P)me—s + pmi—s) /(L= 0)/(1+T%) + {s+ (1 — )T — 0} /(1 — 0)/(1 +T) - s}

k+(1—-0)r° -6

=1 =01+ + (HP* (1-0)(1+T)

) Tt + O(mi_2), (39)

where O(m;—2) represents the term consisting of m;_o_; for j =0,1,--- .

Aggregate Output Aggregate output is given by Y; = M;/P;. The log-linearization yields

N

Y, = —P,. (40)
Welfare Welfare is expressed as

U=Eo» B llogCi — (Li+ 7Dy)]
t=0

= Eozﬁt [IOg(Mt/Pt) - Mt/Pt - TDt} .
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The first and second terms in welfare are approximated up to the second order as

log(M,/P,) — My /P, = log[(1+7) "e ] — (1 + 1) e 7
=—logl+7)—(1+7) ' =P+ Q+7) (P - P?/2)
T 2 1/2

1 "2
- - P2, 41
I+7 147" 147 ° (41)

= —log(l+4+71)—

The third term in welfare, shopping distance Dy, is approximated up to the second order as

logpf 710gpt/B

1_ 1
2 27
D; = / xdx +/ logp togpP (1—z)dz
0 _ logpy :

27
2 2
1 logpfflogpf o logpfflogp;‘
2 27

2T

[N

[N

- 2 + 2

(l_PtA—ptB)z (1_p?—p{‘)2

2 2T + 2 2T
- 2 2
2

1 (pi—pf
=z . 42

4+( 2T (42)

C Pricing under Rotemberg-type Price Stickiness

Hotelling Model We assume the Hotelling address model. Firms pay Rotemberg-type price ad-
justment costs given by ©/2 (p¢/pr—1 — 1)2 M, when they set p;, where O represents a cost param-
eter. This makes a firm’s optimal price depend on its own price in the previous period. Moreover,
the firm’s optimal price depends on the rival’s price in the previous period, because the rival’s price
in the previous period influences the rival’s price in the current period and, in turn, the firm’s
profit. In what follows, we log-linearize equilibrium around steady state so that log-linearized price
Py is given by p; = pM;ePt and the optimal log-linearized price is denoted by pj.

Given the Markov perfect equilibrium, the log-linearized optimal prices are expressed in the
following policy functions:

P =Tpy + TP, + T (43)
PP =TpP + T pi | + T (44)

The coefficients I and I'* show the elasticity of the optimal price in the current period with respect
to a change in its own and the rival’s price, respectively, in the previous period. In equilibrium, we
should have p; = pf. The coefficient I'* shows the elasticity of the optimal price with respect to

the money supply shock.
In the presence of the Rotemberg-type price adjustment costs, firm A sets pérk (k=0,1,--+)
to maximize

e} 2
At+k Pt [’Lt+k' 1 lngéHe — IngtBiHc S pﬁk Mt+k
S E gL 1— o 8Pk = O8Peik ) 2 ( Peik ) L Dotk 4
L PR, {( 2 27 2 M, (45)

A A
Pk Piig Ptik—1

where A; represents the stochastic discount factor given by C; ! The first-order condition for the

25



optimal p,‘f‘ is given by

2 A B
%)ALG_E@LJ%&)+O_£S<_1A)
Dt 2 27 Dt 27p;

%)
piA—l P{A—l

X

\BE, H(pfﬂ 71) Py A P M
pi' ()" A P M
A P, M dlogp?,_, /Blogp | M,
1ES t+1 It {(17 XH)' gthrl/A gDt } t+17 (46)
At Pt+1 pt+1 27'171& Mt

where
Ologpy’.1 /dlogpi = dpif1/0pit =T
Firm A has to take account of how its price influences the rival firm B’s price, which is given by

8logpﬁ1 /Ologpi'. Hereafter, we assume Wy = My = 1 in the initial period.

Steady State In equilibrium, symmetry yields p; = ﬁf‘ = pP = Pt, where P, represents the
log-linearized aggregate price. In the steady state, equation (46) becomes

(1) C) 0D )

Thus, the steady-state optimal price is obtained as

T

T
P=tt T

Log-linearization In log-linearization, the first-order condition (46) leads to

1 1 logpi — logp? M, 1

0=— M, (= — —8Pt — 08Pt 1— =) (=

pf ¢ (2 2T + pf 2T
@< pi 1) pi

- A A
Pi_1 Pi_1

A A
Pit1 Pit1 N1 P Mt+1:|
+0E: |k -1 .
g t{ (pA ) pit A P M

t

+BE, {(1 B Mt+1) .EAtJfl P, Mt+1:|

piA-Q—l 27’ At Pt+1 Mt

A M,
The term j\—*f%ﬁtk equals one because P,C; = M;, so that we have

Oz#Mt (1 _ M) + (1_ L) <_i)
thep{‘* 2 2T thep{‘* 2T

Ax Ax
9( pMyePt 1> pMyePt

P b
pM;_1e’t-1 pMy_1e’t—1

Ax Ax
+B8E, |0 pMiyqePt+1 1 pMii1ePt+1 A1 P My
t - — - .
theP?f1 theP? Ay Py M,
+BE, 1_% 1: .
th+1ePff1 2T
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__pt 1 1ptt —pdt pt 1

T p 2 p  or p 27
-0 (Et +p?* - ﬁ?—l)
+B0OE; [€t+1 + Py — pf*}

+Et [pfﬁ] LF*
P 27’

Note
E¢ [pﬁ:l] =E, [prl* + D pP* + I‘sstﬂ]
=Ip + 17 (TP + Ty +T7%0) + pl .

Thus, we obtain
ﬁl . lp?* — PPy + TPy + oey) B ﬁi

p 2 p 2T p 2T
-0 (5t +pit - ﬁle)
+50© (pet - pf*)

+86 {Tp + T (Tpy + D*ply + % ) + ple: }

187" . o (o . . c
_7% {FptA +T (FptB_1 +T*p 4T Et) + pI Et},
L(1/1 1 1 BIT*
{1 (e L) ety - LI
p\2 T p 2T
C1DpE + T + ey
_p 2T
_@(Et_ﬁf—l)
+ BOpe:
186 {F* (Fﬁf_l ST+ Fsat) + pfgat}
1 F* * ~ * A € €
+ L (09, 1B, 1% + o0z )
p T
1 w2 1803
=ﬁffl{f—+®+6®F2+fL}
p 2T p 2T
17T . 1prT*?
st {2+ perr 4 2 I
p 2T p 2T
IFE e * 15F* 5 *
- e[ = rer .
+Et{p27_ © + BOp + BOTI*( +p)+p2T ( +p)}
which suggests
1/1 1 1/IT*) ' (10" o 180
r=<=-(=+-= 1+8—BT)—-F— e 24 -2 4
{p<2+T)+®( + 8- pT) > or } {p2T+®+ﬂ® +p 5 (48)
. 1/1 1 1BIT*Y ' (1T . 1prT*?
r"=J{=(=4+= 1+B—p0)— = E— IT" + = 4
{p<2+T)+@( A~ AD) p 27 } {p2T+'8® e (49)
1/1 1 1BIT*) ' (1 . 18T . .
F=q=s+= +®(1+6—[3F)——5 —>— — 0+ £0p+ per«(r +p)+7'3—1“ T +p) .
p\2 T p 2T p 2T p 2T
The third line is rearranged as
r= ot -t (1+ ) vents—pr—sr gy 0 ) (50)
B P 2p T P p 2T P '
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Inflation Dynamics Aggregate price index is given by

1 -
bgf%=1/ log pj dj (51)
0

for product line j. Because symmetry between two firms holds in equilibrium, the log-linearized
aggregate price becomes

P = Pt = (T +T")pr—1 + e (52)
For the inflation rate m = log(P;/P—1) ~ &1 + P, — Pt,l, we obtain
T — E = (F—I—F*)(ﬂ't71—€t71)+rs(5t—€t71). (53)

This suggests that inflation dynamics is influenced by I', I'*, and I'*, which are, in turn, influenced
by 7.
The above equation can be further transformed into

me — pre—1 — e = (L + F*)(m—l — pT—2 — pe—1) + FE(Ht — pt—1).
m=C+T" +p)m—1—pC+T)m—o+ 1 +T)ue — (C+T" +T)p—1. (54)

Aggregate Output Aggregate output is given by Cy = M;/P; and Y; = C4+0 /2 (P,/P_1 — 1)? M,.
The log-linearization yields

N

Y, = —P,. (55)

C.1 Comparison with a New Keynesian Model

Consumption is aggregated following the CES form of aggregation:

o _
o

C, = {/01 Ct(j)doldj} o (56)

fol pt(j)l*adj}m )

This yields demand and price index given by Y;(j) = (Pt(j)>_g Y, and P, = {
respectively, where C¢(j) = Y:(j)-

Pricing under Price Stickiness Under Rotemberg-type price stickiness, firm j sets ps1i to
maximize

= A P, , . O
maxz Et/jk /tc—k : (kaY}.Hc (1) = WernYirn (9) — — (Pe+k/Prar—1 — 1)2 Mt+k) .
k—0 t Pt+k 2

The first-order condition with respect to p; leads to

0 = Yip, " 'P7[(1—0)pt+ oM — O (pe/pi—1 — 1) [pe—1M;
A P,
+ PE: { bt O (pt+1/pt — 1) (pt+1/Pf)Mt+1 .
At Pt+1
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In equilibrium, p; = P;. Fuhrer, using log-linearization and denoting p; = ﬁMtepj , we have

_ Mtep: Mtep:

0 = Y [(1 B U) Pt UMt] -9 (Mt_leﬁtl - ) M,_q1ePi—1 t
Ay P Mt+1€p;‘+1 Mt+1€pz+1
E ) — —1 -

+ BE: Ar Pt ( M, ePs M, ePi t+1
0 = —(oc—1)p; —O(et +pi —Pr—1) + BOE:(et41 + pry1 — Pi)-

pi(0—1+0+4+50) = Op, 1+ BOEwi1 —O(1 — Bp)e:.

The solution for this equation is given by
p: _ FNKZA)tfl +FNKeEt.

p; (0 —1+ 0+ 30)
Op:—1 + POE; [FNKP: + FNKEStJrl] —O(1 - Bp)e:
= Opi_1 + BOIYEp; + BpOTV e, — O(1 — Bp)e

o (g—1+e+ﬂ@—5@r“)
= Opi_1 + BpOIV e, — O(1 — Bp)e:

VK = (0 —1+0©+p80—pers) e
IVE = (60— 140+ 86 — BOrVE) 1o (BpI'VEe — 1 4 Bp)

The aggregate inflation rate, my = log(P;/P;—1) ~ € + P— P4, is given by
me = (O + p)mey — pIM o + (L4 TV )y — (DY 4 TV (57)

Simulation Results A time unit is a quarter. In the benchmark, we normalize W = 1. We set
transport cost 7 = 0.125, consistent with o = 9, as assumed in Gali (2015). Price stickiness © is
set at 100, so that impulse responses shown below are comparable to those based on the Calvo-type
price stickiness model with 8 = 0.75. We also use p = 0.85 and 5 = 0.99.

Figure 3 shows policy functions for the optimal reset price, represented by the coefficients I,
I'*, and I'*. The horizontal axis represents transport cost 7 in a log scale. For comparison, we plot
policy functions in the standard New Keynesian model, where ¢ = 1+ 1/7 so that the steady-state
markup under flexible prices is the same. Figure 4 shows policy functions for the optimal reset
price, where the horizontal axis represents price stickiness ©. Figure 5 shows the steady-state price
under sticky prices. Finally, Figure 6 shows the impulse response functions to a positive money
supply shock (uy =1 at t = 1) for aggregate inflation rate m; and output Y;.

D Mixed-Strategy Pricing under Duopolistic Competition and

Nominal Stickiness

We assume two firms (¢ = A,B). We consider an arbitrary invertible demand system ! =
' (ph, pp s M) = 2 (py /My, p; /M) for i = A, B. Firm profit is given by II} = (pi—W4)2" (pi /My, p; ' /My).
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Figure 3: Policy Functions under Rotemberg-type Price Stickiness: Dependence on Transport Costs
Note: The figure shows the coefficients of policy functions for the optimal reset price by firm A given by pi** =
Ipiy +T*p2 1 + I°e;. The lower right-hand panel shows the coefficient on past inflation (m;_1) for the equation of
inflation (7¢). The horizontal axis represents transport cost (7, log scale).
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Figure 4: Policy Functions under Rotemberg-type Price Stickiness: Dependence on Price Stickiness
Note: The figure shows the coefficients of policy functions for the optimal reset price by firm A given by pi** =
Ipl, +ITpE | +T%e,. The lower right-hand panel shows the coefficient on past inflation (m¢—1) for the equation of

inflation (7¢). The horizontal axis represents price stickiness (©).
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Figure 5: Steady-State Price under Rotemberg-type Price Stickiness
Note: The vertical axis represents the ratio of the steady-state price under sticky prices to that under flexible prices.
The horizontal axis represents transport cost (7, log scale) and price stickiness (©) in the upper and lower panels,

respectively.
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Figure 6: Impulse Responses to Money Supply Shock under Rotemberg-type Price Stickiness

Note: The horizontal axis represents quarters after a positive money supply shock occurs at t = 1.

Further, we assume that demand elasticities depend on prices to allow firms to set two possible
prices, higher py (with the probability of 1—s) and lower py, (with the probability of s) . Aggregate
nominal demand equals M; so that pizt + p, ixt_ { = M,. Tt should be noted that kinked demand is
not related to superelasticity, which is the second-order derivative of demand. Superelasticity does
not influence the steady state price without price stickiness. Expected demand from choosing p is
given by (1 — s)x(p, pr) + sx(p,pr). We define demand elasticity as follows:

dlogz? (p}l /M, p;Ii /M)

¥ prpm) = Olog(p™H /M)

i Alogz (piy /M, p7¢ /M
Vo) < R
i Ologa’ (pi. /M, p= /M
Vion ) =
i Ologa (pi /M, p7* /M
—i Alogz! (py /M, p7t /M
R
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D.1 Steady State without Price Stickiness

We consider the equilibrium in a steady state with W = M = 1. Suppose mixed strategy given by
pr > pr. The first-order condition with respect to py yields
oo i 3 Ox(pu,p ")
0= 58 =z(pu,p ") + (pu — 1) oo

= (1 - s)z(pu,pu) + sx(pu,pr)

+ o= 1) {1 - o 22pe) | Do) |

= (1 = s)x(pu,pu) + sz(pm,pL)

puOlogpu puologpu

x(pw, prr)V (p, prr)
) . pPH }
+ s {x(pH,pL) + (pur — 1) UC(ZDH’PL;\Z‘(pH,pL) }

0:(1—S)$HH{1+(pH—1)W}+S$HL{1+(pH—l)%}, (58)

—(1-s) {m<pH,pH> - (pr— 1

where 2% = z(p;,p;) for i,j = H or L.
The first-order condition with respect to py, yields

o Ol

dx(pL,p™")
= NIHPL P )
(9pL )

8pL
3 x(pr,p~")Ologz(pL,p~*)
prOlogpy,
)x(pL,pH)\Ifi(pL,pH) }
pL
)w(pL,pL)‘I’i(pL,pL) }
pPL

= a(pr,p ") + (b1 —

= a(pr,p ") + (1 —

—(1-s) {w(pL,pH) -1

+s {ff(pL,pL) +(pr —1

0=(1-s)z"" {1 + (pr — 1)7‘I’i(1;i’p’{) } + szt {1 + (pr — 1)7@(1;:”) } (59)

Furthermore, we should have indifference of profits choosing the higher price, Iy (pm,pr,s) =
W(pulpu,pr,s) and U (pu,pr, s) = (pLlpm, pL, 5):

(pr = Da(pm,p~") =(pr — Da(pr,p")
Oy (pa,pr,s) =(pa — 1) {(1 —s)aH 4 stL}
=(pr = ) {(1 = )™ + s} = e (pr, e, 5). (60)
Aggregate nominal demand equals M so that

2pH:cHH =1
pHmHL —l—meLH =1 (61)

2pLxLL =1.

Proof of Corollary 2 Rewrite the first-order conditions with respect to pg and pr:

0= (1—-s)z {1+(pH ) e pr) (pp:pH)}-l-SxHL {1+(pH —q) L) (7;’{’“)},

0= (l—s)xLH{1+(pL - 1)W}+sz“ {1+(pL - 1)%}.
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The two equations are identical when pg = pr, on the condition that Wi (pg,pr) = ¥ (pr,pr) and ¥ (py,pr) =
' (pr,pL). ' _ _ _

Next, suppose W' (pu, prr) = W' (pu, pr), ¥ (pr,pu) = V' (pr,pr), 2" = 2™ and 2" = z"". Then, we obtain
pr = V(pm,pu)/ (Y (pu,pr) + 1) and pr = ¥ (pr,pr)/ (¥ (pr,pr) + 1). Then, the profit indifference condition
becomes

(pa — 1) {(1 —s)aH 4 stL} = (pr —1) {(1 —s)z™H 4 sa:LL}

(pH—1>{<1—s>+s}2piH:<pL—1>{<1—s)+s}2p%L

1 1 1 1

2Wi(pu,pn) 2 Vi(pr,pr)’

which shows that we must have U (pg, pg) = Ui (pr,pr). In this case, pg = pr.

Proof of Corollary 3 Equation (58) is rewritten as

pr—1 (1 — s)x™H 4 spfE

pr (1= s)xHHVi(py, pr) + sz LW (py,pL)

By partially differentiating this with respect to pr, we have

) i
caﬂ = —0z"" Jopr, ((1 = 8)a (pu, p) + s (pf“pL))
PL
+s ((1 —s)z™ 4 sa?HL> (axHL/apL -V (pu,pr) +$HLaq’i(pH’pL)/apL)
= —2"" 9 (pu,pr) /P ((1 =) (pr, prr) + S‘EHL‘I'i(pH’pL))

+s ((1 —s)z + SwHL) (—wHL\If_i(pmpL)/pL U (pr,pL) + wHL\Ifi’_i(pH,pL)/pL)

C 8 —q i 7
PLOPH. — = (pu, p1) ((1 — 8)z" (= (pu, pr)) + sz (—T (pH,pL)))
xuL OpL

+5 (1= 9™ + 5™ ) W (par,pr) (~ ¥ (prr, i)

-5 ((1 —s)z™ 4 SwHL) U (pu,pL),

which suggests Opm/Opr > 0 unless U~ (pg,pr) is too large.
Next, we have

Oy (pu,pL,s) _ NS . HH | _HL
T—(pH 1){ x +x }<0

Ol (pr,pL,s) _ - _LH LL
Ds = (=) {~a"" 42"} <0

8H 5 3 aH ) )

H(pr,prL,s) _ OL(pu,pL,s) = (pu — 1) {_mHH +xHL} —(pr 1) {_xLH +xLL}
Os Os

= —puz™H 4 gl 4 oHH _ pHL

+pratH _ppaptl _ gLH 4 Gl
=—1/241—1/24"H — gL _ gFH 4 gLt
_ (.’ELL . .’L'HL) o (ZCLH o .'EHH)

34



CES When the elasticity is constant (V*(pg,py) = Y (pu,pr) = ¥ (pr,pr) = ¥ (pr,pr) = ¥),
we can show that pg = pr, = \I,i“ A mixed strategy equilibrium does not arise. Even in the presence
of consumer heterogeneity, aggregate demand elasticity (the sum of demand of each consumer) is
constant if demand elasticity for each type of consumers is constant as in the case of CES preference.

That is,

Aogz' (p' /M, p~" /M)
Olog(pt /M) ’

E [\IIZ] =
which is independent of price p’ and p~*. Note that this is not the case in the Hotelling model.

Hotelling Address Model Suppose the Hotelling model with heterogeneous 7. The demand of

consumer 7 is given by i (pi/ M, p; /M) = A (% - log(p%/Mt);og(pt_l/Mt)) J‘;—{. Thus, we have

HL __ 1 log(pm) —log(pr) 1
T _(l_a)(i_—QTH )E

e _ b (1 log(pr) —log(pm) ) 1
2 =a—+(1 a)(2 5

U (pr,pu) = (% - 1og(pH)2Tlog(pH)>_1 : <_i> !

W pu) = (§ - ) o) (LY

27Ty
___l-a
2pH:L‘HLTH
—1
W(prpn) = (a+ (- o) (- ERI s ) (Sma)
I S - S
QPLZL'LHTH

' (pr,pL) = (% - log(pL)QTlOg(pL)>_1 E (_%) -1

) = (5 - PO ) e ()
E

D.2 Steady State without Price Stickiness in the Hotelling Address Model

Pure Strategy The optimal price chosen by firms A and B is symmetric, p* = p? = p?, which

satisfies
pr={1+EQL/) W, (62)
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where the harmonic mean of 7 is given by

o 1
EL) = S T e @m) (63)

Suppose that firm A deviates to choose p?. The pure strategy equilibrium holds if IT4(p*, p*) >
I14(p?, p*) for any p?. Given firm B’s price p*, firm A may be able to increase its profit by giving up
revenues from price-sensitive bargain hunters and charging a higher price. In this case, the profit
becomes 114 (p?, p*) = (1 — ) (1 — 1/p?) (1/2 — (logp® — logp*)/(27r)) if (logp? — logp*) /71 > 1.
The deviating price p? should satisfy 0 = 1/2— (logp? —logp*)/(275) — (p? —1)/(275). The condition
for pure strategy equilibrium to hold is rewritten as

1 1 1 1 logp® — logp*
2(1 p*)>(1 o) (1 pd) (2 o . (64)

We calculate the conditions of 747,77, and « , which must be met for the pure strategy equilibrium

to exist numerically.

Mixed Strategy Suppose that firm B chooses mixed strategy, in which price is pg with the
probability of 1—s? and pf otherwise (pf[ > pf ). Firm A also chooses mixed strategy characterized
by pg, pé, and s4.

When p? = pfl, firm A’s expected profit is written as

O )

B WY (1  logps — logp?
T—a)(1— 20 (= — 28PH ~08PL )
w0 (1= 1) (5 -

If firm B sets pf, firm A earns zero sales from 77, consumers. The first-order condition with respect
to pﬁ yields

0= 158W—(1—s)(pH—W)E[1/2/T]
(- W (g - W) ~ 51— a) (o — W) 5 (65)

given symmetry.
When p? = pf, firm A’s expected profit is

nA<pf>=<1—sB){a(l—KA>+<1—a> (“K) (LM”

py pi 2 2Ty

A _ B
+ sPE {(1 o KA) (1 _ logpy, — logpr )} )
s 2 2T

If firm B sets pg, firm A earns unit sales from 77, consumers. The first-order condition with respect
to p7 yield
py yields

0=(1—-s)aW
T (1—s)(1—a)W (%_ W}
7(173)(17a)(pL*W)%
+5W% —s(pL — W)E[1/2/7]. w
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Furthermore, we should have indifference of profits choosing the higher price, Iy (py,pr,s) =
H(pH|pH7pL7 5) and HL(pvaLu S) = H(pL|pH7PL7 5)7 which ylelds

s (pr,pr,s) = (1 s) (1 - K) % +5(1-a) (1 - K) (% _ M)

PH PH 2TH
w w 1 logpr — long) }
=(1- 1- Y)Y v1—a)(1- 2 (- oepr —loebm
( S){a( pL)+( a)( pL)(2 2T
Wi\ 1
+s (1 - E) 5= Hr(pm,pL,s). (67)

Equations (65) to (67) give the solutions for py, pr, and s.

Proof of Corollary 4 The first-order condition with respect to pg is written as

pr—1_ (1 — s)zHH 4 gzt
pH (1 = s)z" Vi (pu, pur) + sz LW (p,pL)
_ (1 — s)z™H 4 spfE
(1— s)HH (—E [1] = 1) + saHL (fﬁ - 1)

(1 — s)g™H 4 sgHE
(=) (E[3] +1) + 535+ sahT

2pH

Since axHL/apL > 0, this suggests that dpy/dpr > 0.
Equation (67) follows that

M (pri,prys) __ (y - WL gy (2 W) (1 logpn = logpe
35 PH 2 2’7‘]-1

1 logps —logpr
(1= (2 27

a+t(l-a) (M)}

2TH

oMz (pr,pL,5) :—{a (1—E) +(1-a) (1—E> (1— 710gpL—1°ng>}+ (1—K) !
88 pL pL 2 2TH pL 2
_ 1  logpr —logpu\ 1
ot 0o (5 - R b))

w 1 logpu — logpr,
=—(1- L) za+(1—aq)(28pH—08PL
( pL> 2a—|—( a)( G-

Mu(pr,prys)  Milpa,pr,s) [ W\ _ ([ W }a+(1 _a) logpy — logpr,
88 as PH pL 2 27’1—[

:,(K,E) {laﬂl,a) (M)}
PL PH 2 2Ty

Welfare First, we consider the case of a pure strategy. Firms A and B set the price at p*. Each
consumer spends M /p* for consumption C, while also supplying labor L for the same amount.
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Shopping distance D equals 2 fol/ 2gdr = 1 /4, but disutility from shopping differs between con-
sumers with 7 and 77. Household utility UP*"® becomes

Urtre = {log(M/p*) — (M/p* + E[r] /4)} /(1 = B). (68)

The heterogeneity of transport costs influences the equilibrium price level. To see this, we
increase deviations between 77, and 7 while keeping the harmonic mean of 7 fixed. Specifically,
we define A, so that 7, = 7- (1 + A, /a) ™t and 7y = 7- (1 — A, /(1 — a))~!, which maintains
(E[1/7])~" = 7. Then, UP*"¢ in the above equation depends on A, only through the term of E [7]
because p* is independent of A,. Moreover, we find

Elr] = (arp + (1 — a)71h)

o n -«
=T .
1+A;/Ja 1-A;/(1-a)
The derivative of E [7] with respect to A is

1-A;/Ql—a)+14+A;/a)(1/(1 —a)+1/a)
(1 + A‘r/a)z(l - A7'/(1 - Oé))2

A >0,

if A; < 1. Thus, larger deviations in transport costs increase the mean of 7, which decreases utility.
Second, we consider the case of a mixed strategy. When one firm sets py, and the other sets pyy,

all consumers with 77, purchase from the former firm, so that D = fol xdx = 1/2. As for consumers

HL — 1 _ logpr—logpy
=2

S purchases from the p;, firm, and the 1 — 2% fraction

with 777, the fraction of x
purchases from the py firm. Thus, D = fomHL xdr + fleL(l —x)dr = (1) + (1 — 21E)2) /2.

Household utility is given by

Ut = s {log(M/p*) — M/p*} /(1 - B)
+ (1 —s) {log(M/p") — M/p"™} /(1 - B)
— (s + (1 —9)*)Elr]/4/(1 - B)
—2s(1 —s){ar/2+ (1 — ) ((@"F)? + (1 — 27 1)?) /21 /(1 - B). (69)

The mixed strategy has three effects on utility. First, setting the higher price py decreases utility
by decreasing consumption. Second, setting the lower price pp increases utility by increasing
consumption. Third, the price dispersion decreases utility by increasing shopping distance.

Figure 7 shows how utility changes when 7y changes. We fix 77, at 0.01 and adjust « so that
the harmonic mean of 7 is unchanged at 0.125. The figure demonstrates that utility decreases
monotonically as the harmonic-mean-preserving difference increases.

D.3 Steady State under Price Stickiness

We consider arbitrary invertible demand system, where elasticities depend on firm A and B’s prices.
For the case of a mixed strategy, the literature often states that regular prices are sticky while sale
prices are highly flexible. As in Guimaraes and Sheedy (2011), we assume that the higher price is
subject to Calvo-type price stickiness and that the lower price is perfectly flexible. Specifically, we
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Figure 7: Household Utility under Consumers’ Unobservable Heterogeneity and Flexible Prices

Note: The parameter 77, is set at 0.01, and « is chosen to keep the harmonic mean of 7 at 0.125.

assume that the lower price py,; is set at pr,W;, where py, denotes the steady-state lower price when
Wy = 1. In other words, the lower price is indexed to the aggregate wage level (money supply)
fully. This assumption is motivated by the empirical fact that firms tend to adjust the frequency
of sales rather than their size to respond to shocks (Sudo et al. 2018, Kryvtsov and Vincent 2021).
However, it should be noted that this price is not necessarily optimal since it does not consider
price history. With the probability of 1 — @, firms can revise the higher price. Firms may also
choose to set the lower price, and even in this case, we assume that the rival firm can observe the
higher price.

For the mixed strategy equilibrium to hold, the two choices (higher price and lower price) must
yield the same payoff. However, this is very restrictive, particularly when we impose the equality
of the payoff both when firms can revise their higher price and when they cannot. If the payoff
from not revising the higher price is the same as that from choosing the lower price, the payoff
from revising the higher price is likely to exceed that from choosing the lower price because not
revising the higher price is suboptimal.

In this study, we assume that the Calvo-type lottery determines either the higher price or the
frequency of sales as the variable that firms can reoptimize. With the probability of 1 — @, firms
can revise the higher price, and in this case, firms cannot optimize the frequency of sales, which is
kept at a steady-state level (s). The equality of payoffs does not hold unless the economy is in a
steady state. With the probability of €, firms cannot revise the higher price, but they can optimize
the frequency of sales si*. The first-order condition with respect to the higher price is not ensured
to hold. As documented by Zbaracki et al. (2004), there exist managerial costs (information
gathering, decision-making, and communication costs) and customer costs (communication and
negotiation costs), which prevent firms from optimizing prices. We assume that they prevent firms

from optimizing both the higher price and the frequency of sales simultaneously. However, it is
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important to check the robustness of our results to this assumption. We will examine how a different
assumption on the frequency of sales changes our results.

Proof of Lemma 3 First, we consider pure strategy. Suppose that the pure strategy equilibrium
holds. The steady-state price under price stickiness equals

65(1 - 0)
1- 023

Proof of this Lemma 3 is the same as that for Lemma 1.

p—1- {1 W (p,p) + \If—%p,p)r*}_ . (70)

Proof of Lemma 4 Next we consider mixed strategy and calculate steady state under price
stickiness. When firm ¢ has a chance to set its price at t, it sets p};, to maximize

At+k Pt
Ae Py’

maxzekﬁkEt [(ﬁ%{,t - Wt+k) wi(ﬁ%,t/MtJrk»p:k/MtJrk)} .
k=0
given that firm i chooses the higher price rather than the lower price in the periods following
price revision. Regarding the probability that firm —¢ chooses the lower price at ¢, s;, we need to
differentiate two cases: one is when firm —i revises the higher price (s; = s) and the other is when
firm —i does not (s}"). Then, we have

At+k Pt
Ae Py’

n i —i A P,
maxze B E, [(sz Mt+k> (Ostir + (1 —0)s)x (pH,t/Mt+k7pL,t+k/Mt+k):| : Zk Pt—ot—k
k n k i/ —i Aevr P
+29 B E¢ [( H,t — Mt-Hc) 0(1 - 3t+lc)9 x (pH,t/Mt+ksz,t71/Mt+k)i| . At Pk
k n - k1=K i i —i Ay Py
+29 B E: ( Ht — Mt+k> 0(1 = sihy) D _(1—0)0 ' (Pr/ Mok Py, o IMetr) | - A Pror
k=0

(1= 0)(1 = )2 (Bl o/ Mo, il /M) -
We calculate the first-order condition for the optimal ﬁ‘ﬁt and consider its steady state as

0=> 08 sz'(pr,pr)

k=0

+Ze B (1 = )z (pr, pm)

+Z€kﬁk (pm —1) %‘P (p,pL)

+29[3 (pr —1)( )%‘1’ (pH,pH)

+ ngﬂk (prr —1) (1= 6")(1 - 8)%\11_7;(7)H7PH)F*
k=1

> dlogs?, 1. /Ologp® ;
+ 308" (o =) 8oLk VBP9, ) — 0 i o)

pH/S
810g3t+k/810ngt — k— k i
— o* — 0)0 s
> T L)
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where we use
0" (Py /Myyr, "1 /Misr) T, Ologa’(Py/Miyk, iy /Miyk)

o(py /M1 Dy /My Olog(p; /M)
_ i Ologz" (P /Mitk, pi "1 /Mi+r)

(P} /M x)Olog(p; / Mev k)

s
p
Oz (D) Mers Dy g [Mesk) Op 0 whyy Ologa’ (B Mk, Dy [Mitk) Dyl Ologp,
py e /Metr) i Py le/ Mtk ANog(py 1 /Mi+r) p;  Ologp;
—' i,
p
This can be rewritten as
1 i
0 =195 (ps,pL)
1 i
g5 (L= 9 on o)
1 z'(pu,pL) L
—— (py — 1) s P PL)
g5 = 1 s L ()
+; (pr — 1) (1 — S)M\pi(ijpH)
1-0p PH
96 026 "L‘i (pHapH) —1 *
- P —1)(1—s) L PH r
(12505 - 1) 0n — D (1= 9T g )
0 AT i i
+7 —ﬂeﬂ (prr — 1) SpH [% (pm,pr) — b (pHJDH)]

i -1
0 =sz"(pu,pL) (1 + L;H v (pH,pL)>

08(1 -6 —-1__, «
1(—7925)sz N4 (PH,PH)F)

i -1
0= 902 ) (1 20 o, ) +

_1 n* (3 k3
+92,6’pHpT5A [ﬂc (pm,pr) — (pH,pH)] .

95(1 — 9)
1-028

pa —1
PH

(o lomm 1 )

{Smi(PH,pL)‘I’i(PHpr) + (1= 8)a" (pu,pr) ¥ (pr, pu) + (1 — 5) 2 (pr,pr) ¥ (pr, pur )T + 02 BsA™ (ffi(Pf

Thus, we obtain Lemma 4 as

pi); : {SJCHL‘I/iHL +(1— 3)/(2191'1)‘1/3”1 +(1- 8)/(2pH)91ﬂ(—170_22)\11;HF* +8°psA™ (x}” B 1/(2]71-1))}
=—(szur + (1 —35)/(2pH)). (7D

Equation (71) is further transformed into

0 —0 —1 *
(1= /o) 20w r
- _ {(smHL +(1-s)/(2pn)) pé”i -+ szaL Vi + (1= 8)/(2pa) W + 0% BsA™ (foL - 1/(2pH))} .
1‘\*
-1
=— {(2pHs:vHL +(1-ys)) prIi 7T sV + (1 —s)Wyy + 02 BsA™ (2pHx§{L - 1)} {(1 - 5)0{3(_17‘;22)\11213{} .
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x PH i s PH i S 2 e i M » -1
() (2 o) 5 ) (B
(72)

Suppose that one incorrectly evaluates I'* (denote by I';,,.) from equation (70) based on pure

strategy equilibrium ignoring temporary sales. Further, we assume that one uses the only higher
price py as a proxy for p. Then, equation (70) is

i 05(1 — 9) —1 * -t
p =1— {1 + Uy + ﬁ‘pzﬂirgyure .

1 - i 08(1—0) o —i
1 {1+‘I’HH+ 1- 06283 Vil pure ¢ -
PH i 9/3(1 _9) —i ¥
- +Vyp = _W\PHHFPWI‘E
* PH i 95(1 _9) —i -
I = - ) ———V .

pure {pH*l—i_ HH}{ liezﬂ HH

Specifically, in the Hotelling model, we note

Uy =—E F} -1
T

=—(a(l/m) + (1 —)(1/7H)) — 1
i 11—«
Uy, =———-——1
HL QpH.’EHLTH
= 1 -1
(1 _ log(pH)—log(pL)) H

TH

and
1

_ log(py)—log(pr)
(1~ i)

= —a(l/m) + {(1 _ Loglpn) - loglpe) 10g(p“>1 - a)} (1/7),

TH

Uiy — Uy = — (a(1/7) + (1 = @)(1/7m)) +

which is negative given 77, < 7. This also suggests that \Il;fH — ;IZL > () because

O (o) = (% _ 1og<pH>2—Tlog<pH>>‘l £ <_%> 1

<[]

U (pu,pL) =

11—«
2ppxHlry’

D.4 Steady State under Price Stickiness in the Hotelling Address Model

Pure Strategy Under price stickiness, pure strategy is expressed by

1-0)1+6-628), _\ "
e e,er) .

p =1+ €L (1-
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Importantly, p* increases by the term of I'* under price stickiness, which increases firm profit and
decreases an incentive to deviate from this strategy.

Suppose that firm B follows a pure strategy by choosing p*: that is, firm B sets p* as long as
firm A sets p*, where p* is the same as that obtained in equation (62). Then, if firm A sets p*, the

present value of profits is given by (1 — W/p*)/2/(1 — 65).

Then, suppose that if firm A deviates from equilibrium pure strategy by choosing price p?
(p? > p* to increase its profits), firm B sets the best response price of p(p?) as long as firm A
survives and continues to set the same price when firm B has a chance to reset its price. Also
suppose that p(p?) is close to p? such that both firms attract both price-sensitive and insensitive
consumers. In this case, the present value of profits becomes the max value of

B - w 1 logp? — logp™ 1
(1-a) (1 pd) <2 2TH 1-62p8

+(1-50) (3 - 2 tow? 0w (1255 - 005 (74

by choosing the optimal p?. Thus, the condition for the pure strategy to hold is rewritten as
WL
p* ) 21—-0B
3 WY\ (1 logp” —logp* 1
z(1=a) (1 pd> (2 27 1- 623

+(1-50) (5 - €2/ ow ~rowe') ) (22 - %) |

Here, we should have p(p?) > p* owing to a strategic complementarity (I'* > 0). Thus, firm A
earns a larger profit after firm B revises its price from p* to p(p?). That is, the profit in the first
term on the right-hand side is smaller than that in the second term on the right-hand side, and
thus, the following condition,

(1-2) 5> (1= 2%) (5 - /277D ow* ~ o™ ). (75)

serves as a sufficient condition for the pure strategy to hold given p(p?) > p*. The right-hand

side of the inequality represents the profit that takes account of the effect that its own price reset
(to p?) affects its rival firm’s price in the following periods under price stickiness. Note that p*
given by equation 73 is the optimal price that is determined to maximize its present-value profit
by taking this effect into account. This is why p* embeds the term I'* and is higher under sticky
prices (6 > 0) than under flexible prices (@ = 0). Thus, a deviation of price from p* likely decreases
firm profit, and thus, the above inequality is likely to hold sticky prices (6 > 0) than under flexible
prices (6 = 0).

Mixed Strategy Next, we consider the case of mixed strategy.

Proposition 2 Suppose mized strategy. The method of undetermined coefficients enables us to
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solve pyr, pr, I, T'", T8, A", A™ and A™ from the following equations:

Oz(i).{s(l—a) (%_W>+(l_s) (%)}
+ (171%) . {s(lfa) (7%) +(1—s)E (,%)}
+<1—i> (1—5)(1:2{;%(%)

+08 (1 - i) SA™0(1 — o) (1 - Loprt — logpr logpL)
bH

2 2TH
- (1 - i) sA"*GQﬁ%, (76)
0=(1—s)aW
+(1-8)(1-a)W (% - %)
(L= 8)(1= ) (o1~ W) 5
n SW% s (pL — W)E[1/2/7], (77)
Uy (pw,pr,s) = (1 —s) (1 - %) % +5(1 —a) (1 - %) (% - W)
oo E)nea e 2) )
+s(1_gg)%;ru@HmL@, (78)
0=A;+ Bi +Cy + Dy + E, (79)

csosp (L LY [ ol o )
pL  PH 2 2rH

~A
Piy—ee\ (1. _ 1 logpn — logpr
" ( pH ) (2(1 9t (2 2TH

PH 21

+s(1 —a) (1 _ ;%) (_ﬁtA—;TI: Et)

=(1-35)(1-«a) (1 _ i) 0p2 1 — Oer + (1 — O)pP*

DL
where Ay, By, -+, Ey are defined below.

80
= , (30)

Proof is below. When firm A has a chance to optimize higher price at t, it sets ﬁé],t to maximize

oo ~A B
A P, Wi\ (1 logpi — logpy ;.
ek kE t+k t 1— t+ - t+ M. ’ 81
maxkz—:o B Ey N Pk " 5 o t+k (81)

given that firm A chooses the higher price rather than the lower price in the periods following
price revision. Regarding the probability that firm B chooses the lower price at ¢, s;, we need to
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differentiate two cases: one is when firm B revises the higher price (s; = s) and the other is when
firm B does not (s}'). Then, the above equation is rewritten as

co 1 ~A 1 B
max Y 0" 8, [(1 - f;+k> (05701 + (1 — 0)s) (1 - ) (; — P Og“"“)

— ot 27Ty
Myt n 1 logpr, — logpf t+h—1
1—-——16(1— - — : :
" ( P ) B (2 o
+ (1= My (1 . 9)(1 _ s) } _ logﬁﬁ’t - Ingg,tJrk ) Aivr Pr Mgy
71/-11,t 2 27 At Py M, '

Noting that pr’kal equals prkal with the probability of 1 — 0, ﬁfl t+k—_o With the probability
of 0(1—-0), -, ﬁgt with the probability of #*~1(1 — ), and pfl’t_l with the probability of 8 when
k > 1, we have

- i M 1 logpf,. — 10gpL s Aerk P Mgy,
max > 0"BE, | [1— = | (0s) + (1 —0)s) (1 —a) | = — . s o t+

> o, ( Mtk ) 0t 1= 009 1)} - o P M
- = My k(1 logpt,: — logpir,e—1 Ny Po Mg

+> 0" BFE [ (1 - =R ) o1 — spn)0t [ S - : : :
g 6 t 7?[yt ( t+k) 2 2 At Pt+k Mt
N i M — (1 logpt,. —logpy Aesr Po M

LS gRgrE 1o Mk ) gy _on 1o+ [L_ H.t H. t+k! Ak P Mgy
; B t i ﬁgi ( t+k) k/:o( ) 2 o At Pt+k Mt
> [ Mty 1 logpjr, — logph t+k Ay Pr Mgy

-+ ek kE 1— — 1-60)(1—-s - — > > . . 82
kZ:O B E: _ o7 ( ) ) 3 57 A P M, (82)

Furthermore, we should have indifference of profits from choosing the higher price and choosing
the lower price when the higher price is not revised in period ¢, which is

0(1 — s3) (1 — ;;]Wt ) E <; _ logpg,tlzlogpg,t1>
T

Pt

logp# ;1 — logp®
+H1-0)(1-9) (1 - )5(3 e ngH,t>

Pt
M; ) <1 logﬁﬂ’t,l — log (pLMt))

- o
PH 1

2 2tH
. 1 1Y (1 log(prM:) —logpfi, 4
=0(1 — 1-— 1-— - 5 :
" St){a< pL>+( * (1 PL> <2 27

La-00 - { (-1)+a-o(1-1) (; RETATE mgﬁz,t) }

4 (057 + (1—6)s) (1 - piL) % (83)

+(O0sf +(1—0)s) (1 —a) (1 -
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The first-order condition for the optimal ﬁﬁi is given by

2 _
= 1 1 IOgﬁ?It _Ingft+k Ay Pr Mgy
OZE 0% B*E M, O0si i +(1—0)s)(1—a) | = — : : .
L FrE: <15?1,z> ek | (Bsin (1= 0)s) ( I\ 2 271 Ae P M,
- k ok 1 ’ [ K 1 IOgﬁgt_Ingflt 1 Ay Pr Mgy
> M 1—sp )0t == ’ - :
+k:09 B E: <152,z> ik | ( Stk) <2 o7 ) A Prar M,
) 2 r k—1 _A _B
b ok 1 n kew (1 logpa e — logpy sy Aoy Po Mgy
— 1-6)0 — — : : .
+Z€ B Et <;5A ) Migr [(1—sig) Z( ) (2 o7 A Pr M,
k=1 H,t L k=0
= 1 ’ [ 1 logpsr, — loghg t+k Ny Pr Myyg
+> 0"B'E M 1—0)(1—s)|=— : ’ L2 :
V7 el L b o7 A P M
ad M
+Z€k/3kEt (1_ :‘Jrk)
k=0 H,t

' [(95% +(1=0)s)(1-a) (—1> +{0(1 = sir) + (1= 0)(1 - 5)} (— - )] ' Af\tk Pitk Mz\zk

2 Hth 27—pH,t

Aeyr Pe Mgk

k-1
> + Olo ,/0lo,
i ZekﬂkEt 1_ A/[,Z+k> [(1 ) Z( —0)9* 8P1 o1 [ OL0gDH 4

Aeyr Pe Mgk
ANy Py M,

1
2 2Ty

[\

2T

k=1 ( Pu W1 QTPH " Ay Piir M
- Mt+k alOgﬁ?I t+k/810ng t At+k Pt Mt+k
+30F8RE, [ 1 - = 1-60)(1—s Ltk aay
; ' p?l,t ( ) ) 27'17?“ At Py M
I i 05, (1 Mg 810g5?+k/810gﬁ?1,t
t - M- - n
k=1 p}f},t p?l,t/stJrk

lOgﬁg,t - 10gpf,t+k > gh+1 < 1 1ngH t 1ngH t—1 >

—iakﬂkEt 1_ My alogsﬁ_k/alogﬁﬁt Z 1—0)0"~ (1 logpiy *logﬁg,wk/ A P MtJrk.
P ﬁ?l,t/s?-uc —o 2 27 At Py M

Let us define th = HMtept ,th HMtept and s} = se® as well as 8log]5§7t+k/8logﬁﬁ,7t =
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* and Ologsy, ./ alogﬁ‘gyt = A" . Then, the log-linearization leads to

0 :Zek,@kEt ( 1 A*) My _(3+59§?+k) (1-a) (5

prePt M, 2TH 2TH

1 logpu —logpr  pi* — log(Mt+k/Mt)):| Aviw Pe Mgy,
At Pt+k Mt

Miw [ w1 (1 pd — PPy +log(My /M) Atre Pr My
0% B*E, 1—s— 0 - ~
+Z g* (p ) ar |0 ss) 2 2 A Prox M,
r k— Ax Bx
Mtk n i’ (1 Pt = P — log(Myqw /My) Ay Pr Mgy
0" B"E, 1—s— 0)6 - - :
+Z o (p ) M, (1—s—s8") z_: (2 o7 A P M,
G 1 Mg | 1 i —piin —log(Mevw/Mi)\| Ak P Mgk
+) 6" '“E( ) 1-6)(1—s (f— .
0 6 t PH ;,q* Mt ( )( ) 2T At Pt+k Mt
= Myyr/M\ [ n 1 n 1 Aerr Pr Mgk
> 0"B E.(1- 0 l—a)|—=—— 1—s—s0 —— -
+k:0 B t( pHePtA _(S+S St+k)( 0() 2TH +{ s 5 8t+k} 27' At Pt+k Mt
- My /M [ o ] Ak Po Mg
+ 0FsrE (1—7 1—s—s8",)0(1 —6%)—
I I Ff(1 = 05| - S S
= Myw /M | 7 Avr Po Mg
+Y o*BrE (1— > 1—91—5—}-
; 5 ¢ pHepé4 ( )( )27' At Pt-Hc Mt
i M, M, nx n
k=1 puePt
o= o) 1 logpu —logpr,  pi* —log(Miyx /M) gt (L P — Py +log(Me/Mi—1)\| Asyr P Mgk
2 2’7’H 27']-[ 2 2’7’ At Pt+k Mt
oo k—1 Ax B
My /M \ | ns n ek (1 pe =Dy —log(Myyw /M) \ Ay P Mgk
N e = (17”7)/\ s+ 88 1-0)0 - + : .
D0 (1 T AT ek i) 3 -0 | 5 V0 o v

In the steady state, it becomes

-3 (1) fr-o (3- 2wy o (1)

part
+§;9’“ﬂk (1 - i) : {s(l - a) (—%) +(1-s)E C%)}
+§0’“6’“ (1 - i) (1—s)(1—0"E (%)

+§9’“ﬂ’“ (1 ]%) SA™ {9( —a) (% _ W) ~ %9’““}
B (1) o=y

or

o= () oo (- P ) v (5))
- “|s(l—a) ,%H + (1 - s)E 7%
+<1_ %(15)(1%"2521“5 ( 2 )}
PH 1-062p 27

1

n* 1 lngH — logpL
1—— | sA™0(1 — - _ DoPH 7 O5PL
"‘reﬁ ( pH> S 9( a) (2 27-H
1 n* n2 1
— (1= — | sA"0°5=. 34
pH>8 % (34)
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Because of the last three terms (if I'* or A™ is nonzero), the steady state under nominal rigidity is
different from that without nominal rigidity. Firms take account of the dynamic effect of its price
on the rival firm’s price in the following periods.

Note that the log-linearized deviation of the term Af\tk%Mj\Zk

disappears because of the
steady state condition. The log-linearization proceeds as

r _ Ax
Z 0" B"E: MHk (s +s085) (1 — o) (l _ loapn —logpr _ pi log(MHk/Mt))}
L 2 2TH 2TH

My | . 1 pf* —pfy +log(Mi/M; 1)

oo B k—1 Ax B
k ok Mitk n i [ 1 pr = — log(Myqyr /My)
+,§_19 B E M, (1_8_55t+k)k§70(1_0)9 5= 5

> k ~k Mt+k¢ [ N - l o piA* 7ptBJ:k - 10g(Mt+k/Mt)
+;e BE T |-00-9 (3 5

= * [ an 1 an 1
+ ZekﬁkEt (PH +pupi” — Mt+k/Mt> (s+ 8058 k) (1 — ) (—2—> +{1—s— 505} (—E>}

T
k=0 H

= * [ AT F*
+> 0"B"E: (PH +papi = My /My ) (1= s — s871,) (1 - ek)g]

)|
)

oo . r F*
+Y 60°8"E (pH +pupi — My /M) [(1—0)(1 - 5);]

k=1

oo

+ Z 0" B*E, (pH + pupi” — Mt+k/Mt> A" (s + s8ik)

[9 (1-a (1 long — logpL it - log(Mt+k/Mt)> _ gkt (1 I e log(Mt/Mt—l)):|
2

2Ty 2 2T
oo k—1 A x Bx
* nx An —K 1 P — P , — log(M, 1 /M,
—ZekﬁkEt (pH +pHp24 _ Mt+k/Mt> A" (54 5874 0) Z(l _ 9)9k k (2 Pt t+k 27%( ek /M) ’
k=1 k'=0
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0 :iekﬁkEtlog(MHk/Mt) [5(1 - ) (é — M) +(1—3s) (%)]

2 271
+Ze B*Er (—1) log(My+x/My) {5(1 ~a) (—%) +(1—-s)E (-%)}

+Ze BRE: (—1)log(Myyr/M:)(1 — s)(1 — 6%)E (57)

1 1 —1 1
+Z€ ,BkEt lOg(Mt+k/Mt)SA |:9(1 — Oé) (5 — w> — §9k+1:|

+Ze BYE; (—1) log(Mys 1 /M:)sA™ (-%(9-9%)

+ Z 0" B*E, (s037, ) (1 —

o) (l _ logpy — logpL>
k=0

2 2Ty

+Ze’“ﬂ’“Et(—s§?+k)9%
k=0

+> 0" B"Es (pir — 1) [(segqu) (1-a) (,%) b {80574} (7%)]
k=0

F*

+D 0" B Ed (o — 1) (—=5574i) (1= 0%)

k=1

o )k ok nx [ an 1 logpu — logpr 1 ki1
+210 B Es (pr — 1) A™ (s8;41) {9(1 —a) (5 - T) - 59

£ PBE = DA (st (50— 0))
k=1

2TH

+§0kﬁkEt :5(1 _a) (_ptA* - IOg(Mt+k/Mt)>:|

+i0k6kEt _(1 — 5)" ! (_ptA* —pia + 10g(Mt/Mt—1)>}
P i

2T
oS} B k—1 Ax Bx
k ok k—k' Pt — Py — log(Miypr /M)
+Ze BYEr [(1—5) > (1-0)0 (— o
k=0

2T

G ool
+Ze B¢ (purpi"™) (1 - < )

)
)

+Z‘9 B, (1 _o)(1—s) <7pz C v - log(MHk/Mt))}

27'H

k * nx 1 logps —logpr\ 1 ki1
+Z¢9 B E: (pHp sA {9 ( OBPH — 108 50
+Z¢9 (pHp *) sA™" ( 1 )
k=1 2

+i0kﬂkEt (pa — 1) sA™ {9(1 —a) (fpt - IOg(Mt+k/Mt)) yLas (J’tA* — P+ log(Mt/Mt—l))}

k=1 27 2
k—1 Ax Bx
. k'[Pt T Piyr — IOg(Mt+k’/Mt)
+Z€BEt(pH—1) sA™ > (1—0)"" ( :
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Thus, we have

0=A;+ Bi+ Cy + Dy + Ey, (85)

where

= iekﬁkEtlog(MHk/Mt) {3(1 —a) (% _ M) +(1—s) (%)}

2T
k=0 H

+Ze B Eq (—1)log(Myyr /M) {5(1 —a) (—%) +(1—s)E (—%)}

TH

29 B Er (—1) log(Mir /M) (1 — s)(1 — 0*)E (;)

g 1 1 —1
+zeﬁa 1) log(Meys/M:)sA™ (1 — o) (§ - 18— 108 )

n* 1
+Zg ﬂ Et log Mt+k/Mz)SA (-50)

+Z€ B Eq |s(1— a) ( log(M”’“/Mt)ﬂ

2TH

gh1 ( Pt =P +log(Mt/Mt—1))]

_|_
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JT'
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3
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»
-
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1 logpm — logpr
— ) (2 27

+ ZekﬂkEt (pr — 1) SA™* {9(1 —a) (_Pf* - IOg(Mt+k/Mt)> _pkt! (_Piq* —]551 + IOg(Mt/Mt—l))} 7

= 2TH 2T

= 6"BE. (s6574) (1 — @) (% _ w>

k=0 2TH
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and

Zekﬁ Et[ls kz_

Note that for k£ > 1, we have

As for Ay, we have

E:[log(Mi4x/M:)]

k=0

k—1

’ pA* 7pB* ’
+ Z@kﬂkEt {(pH —1)sA™ Z (1—0)0+* < t -k

k=1
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1 _ logpn — logpr
2 27’]—1

1
27'H

Ax B 1
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As for By, we have

> n 1 logpm — logpr
OBE¢Biy1 = kZ:l@k/BkEt (s05¢ k) (1 — ) (5 B E—
+ 0B EL(—s8t4k) 50

k=1

1
>
30 o = 1) [(1- ) (<50 ) + o | oot

Pt 2TH
+ i@’“ﬂ’“a (o — 1) (—s80)
= 2T

1  logpu — logpr

+ 3 0E on — DA (557200000~ ) (5 -
k=2

2TH

- nr (an 1
+kzz29k6kEt (pa —1)A (88t+k) (*5) )

By = HﬂEtBt+1

An 1 lo —lo
O e

s 1
+ (—s8¢ )59

+(ou —1) {(1 o) (—%) +E (%)} 5057

+ (g —1)TE <%§H)
408 (prr — 1) A" SE, (871) (1 — ) (% _ W)
+ (pr — 1) A™SEq (5741) <_%> ‘
Similarly, Cy and D; are given by

e 1
Cy = GzﬂEtCH_l + (pH — 1) (sst )9F E (;) .

. iﬁkﬂkEt {(1 o s) (_ptA* — Pk — log(Mt+k/Mt))}

—~ or
=00 [y () ] e (L)
+ ;okﬁka [(1 —0)(1-s) (p;’“)}

== 0)1-9) [ 25 (o) + e € (52) + Dk

=1-6)1-ys)

where

Dy = 0BE: Dy + (1 - 0)(1 - 5)E, [ptB*} : <%> '
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As for E}, we have

E, >

_ k gk gk [ Ax
(0 — 9+ (om — 1) sA"JE (L) ’kzzle o [o— ") (i)
+Ze B E [Z Ol ’“pt:k/]
k’=0
+ZG B* rz:l 0)0"* <p(11pk;))~st>]
k'=0
. 0B 0°B
:9(’1’?)(1—05’1—025)
+ E,
— ke ok _ k_pk—9k _ pEt
+9;og {1 G 7[)70(1 9)]17[)
= E;

2 3
+ (_pfA*) (197[;5 - 135%)

+o 68 1-6 6Bp 1—p 6%8 pEL
1—-608 p—01—08p  p—01—028

where

k—1
Ze B"E, {Z (1—0)0"*F pf:k/:|

k=0

k
Et+1 Zek 1 k— 1 |:Z ek K’ tB-Ck:’:|

E; = 0BE, [Ej] + Z 0" (1 - 0)0"E [p?*]

k=1

= 0BE; [E£+1} + # [ ] .

The log-linearization of the profit indifference equation yields
an 1 1324—1 — &t 1 1524—1 - iﬁtB—l
o0 -0 i) (1- o4 PR 0 e (5 - PR

1 13241 t) (1 13{41 ptB* )
F(1-0)1—s)(1- — P17 g G St —
(1 0)( s>( L P »

1 1 —1 pit, —
+s(1+05)(1— a) (1 _r . Piy — ) ( ong ogpr _ Pi—1 Et)
pH 2TH
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:9(1—5—55?){a (1—i) +(1-a) ( i) (1 logpL logpyr | Pz 8t>}
pL pL 27TH 2TH
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131 Pty —e\ 1
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pL pPL 2 27’H
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2T
1 132471—675)
+s(l—a)(1—-— —_—
(1-a(1- ) (<25

1Y 0p2 1 — O + (1 — 0)pP
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— s0s¢ (i - L) {E +(1- a)ilong — IngL}
PL  PH 2 2TH

A
Pimi—e\ (1, _ 1 logpm — logpr
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_AA ~B o B o
T(1—s) <1 B i) E ( Pi—1 + 0P + (1= 0)pe™ + (1 9)&)
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Equations (66), (67), (84), (85), and (93) give solutions for py, pr, s, pi* (pP*), and 57, where
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A; to E; are given by equations (86) to (91) and
P =Thy + TPy + T, (94)
P =Tply + T p ) + 1%, (95)
Eipf = Eo [T + 15" + Derna
—or (pfil - et) + (1= O)TpP* + T + ple,
= {00 + (1 — T2 + T*2}p2 | + (2 — O)TT*pi; + {—6T + (1 — O)TT° + T°T° + pI'"}e,  (96)
Ologpiy,41/dlogpt, = Opiy/Op; " =17, (97)
and
8 =B P = APy + A hi + A ey (98)
Ei3i11 = E [A"ﬁf +AM B+ An85t+1}
= OA" (71 — 1) + (1= OA"PP" + A™p" + pA™ e,
= {OA" + (1 — O)A"T + AT }p2 ) + {(1 — O)A"T* + AV T}pity + {—0A" + (1 — O)A"T® + A™T° + pA™ ey,

(99)
dlogsy, . /Ologpr . = A™. (100)
Aggregate Price and Output Aggregate price index is written as
1 .
log P; = / log pldj
0
=1-0)(1-s)logp: -1
+((1 —0)s+ 0sy) logpr i - T2
+0(1 — sy)logpu,i—1 - T3,
where
1 n 1 logp: — lo At _ 1
o1 = (=0)(1 =)+ (1= 0)s 4 657) (1-0) 5 — PP IBPEL) 1) — lomp — ogpmav)E (55 ) )
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2 2TH
s 1 n 1 logpr,:t —logpm,t—1
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23 = (1-0)(1—s) (5 — (log prr.e—1 — log pr) E (E))H(l —0)s +0s7) (1—a) (5 _ DepH¢ 21m s PL t)+9(1fst )5

Thus, the log-linearized aggregate price divided by M;, which equals minus log-linearized aggregate
output, is given by

—logY; =log P, —log M; = (1 — 0)(1 — s) (logpu + p;) - 1
+ s (14 657) (logpr) - 22
+60(1 —s—s87) (logpu — et + Pe—1) - x3,
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where
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Thus, we have
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where
P =0(pi—1 —ee) + (1 —0)p;. (102)
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