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A The Detail of the Model

A.1 Credit Market

The participants of the credit markets include the FIs, the entrepreneurs, and the in-
vestors. Figures A and B illustrate how credit contracts are made among the participants
and how our credit markets di¤er from the model of BGG (1999).

A.1.1 FE contract

Basic setting
The FE contract is made between an FI and a continuum of the risk-neutral entre-

preneurs. In period t; each type i FI o¤ers a loan contract to an in�nite number of group
ji entrepreneurs.1 An entrepreneur in group ji owns net worth NE;ji (s

t) and purchases
capital of Q (st)Kji (s

t), where st is the whole history of states until period t, Q (st) is
the price paid per unit of capital, and Kji (s

t) is the quantity of capital purchased by
the group ji entrepreneur: Since the net worth NE;ji (s

t) of the entrepreneur is smaller
than the amount of the capital purchase Q (st)Kji (s

t) ; the entrepreneur raises the rest
of the funds Q (st)Kji (s

t) � NE;ji (s
t) from the type i FI. The net return to a capital

of a group ji entrepreneur is a product of the two elements: an aggregate return to
capital RE (st+1) and an idiosyncratic productivity shock !E;ji (s

t+1) ; which we call the
entrepreneurs�riskiness hereafter, that is speci�c to the group ji entrepreneur.2 There
is informational asymmetry between lenders and borrowers in the FE contract and the
FI cannot observe the realization of the idiosyncratic shock !E;ji (s

t+1) without paying
the monitoring cost �E: Under this credit friction, the FE contract speci�es:

� the amount of debt that the group ji entrepreneur borrows from a type i FI,
Q (st)Kji (s

t)�NE;ji (s
t) ; and

� a cut-o¤ value of idiosyncratic productivity shock !E;ji (s
t+1) ;which we denote by

!E;ji (s
t) ; such that the group ji entrepreneur is able to repay all of its debt if

!E;ji (s
t+1) � !E;ji (s

t) and declares the default if !E;ji (s
t+1) < !E;ji (s

t) :

1We assume that the bankruptcy cost associated with a direct credit contract between the investors
and the enptrepreneurs is high enough so that there is no rational such contracts are made. By the
similar assumption, a contract made between a type i FI and group ji� entrepreneurs for i 6= i� are left
out from our analysis.

2Here, !E;ji (s
t) is a unit mean, lognormal random variable distributed independently over time

and across entrepreneurs. We express its density function by fE (!E) ; and its cumulative distribution
function by FE (!E) :
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Entrepreneurs�participation constraint
Based on the FE contract, a portion

R1
!E;ji

(st)
dFE (!E) of the entrepreneurs do not

default and the rest of them default. Ex post, a non-default entrepreneur ji receives the
following net return to its capital holdings�

!E;ji
�
st+1

�
� !E;ji

�
st
��
RE
�
st+1

�
Q
�
st
�
Kji

�
st
�
:

The entrepreneurial loan rate ZE;ji (s
t+1) is therefore given by

ZE;ji
�
st+1

�
�
!E;ji (s

t)RE (s
t+1)Q (st)Kji (s

t)

Q (st)Kji (s
t)�NE;ji (st)

: (1)

A group ji entrepreneur joins the FE contract only when the return from the credit
contract is at least equal to its opportunity cost.3 Instead of participating in the credit
contract, a group ji entrepreneur can purchase capital goods using only its own net
worth NE;ji (s

t) : In this case, ex ante, the entrepreneur expects to receive the earningP
st+1 Pr (s

t+1)RE (s
t+1)NE;ji (s

t) ; where Pr (st+1) is probability weight attached to state
st+1: Ex post it receives the earning !E;ji (s

t+1)RE (s
t+1)NE;ji (s

t). Therefore, an FE
contract between an FI and group ji entrepreneurs is agreed by the entrepreneurs, only
when the following inequality is expected to hold:

X
st+1

Pr
�
st+1

�
RE
�
st+1

�
Q
�
st
�
Kji

�
st
� Z 1

!E;ji
(st)

�
!E � !E;ji

�
st
��
dF (!E)

!
�
X
st+1

Pr
�
st+1

�
RE
�
st+1

�
NE;ji

�
st
�
for 8ji: (2)

The left-hand side of inequality (2) is the expected return from the FE contract, and
the right-hand side of inequality (2) is the expected return from investing the entrepre-
neurial current net worth NE;ji (s

t) without joining the credit contract. Here, it is worth
commenting that the above condition does not mean that entrepreneurs make no pro�t.
Since

P
st+1 Pr (s

t+1)RE (s
t+1) > 1; entrepreneurs make positive pro�ts on average, and

accumulate their net worth that serves as a source of the �nancial accelerator mecha-
nism. In the analysis below, we focus on the equilibrium where equation (2) holds with
equality in all realizations of states.

FIs�pro�t from the FE contract
The expected earnings of the type i FI from an FE contract are obtained:

3Unlike the BGG (1999) and a number of extended models, the entrepreneur in our model is not an
agent who optimizes the credit contract. Thus, we need to consider its participation constraint, which
is the novelty of our model.
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�E
�
!E;ji

�
st
�� X

st+1

Pr
�
st+1

�
RE
�
st+1

�!
Q
�
st
�
Kji

�
st
�
;

where �E
�
!E;ji (s

t)
�
is the share of pro�ts going to the lender:

�E
�
!E;ji

�
st
��
�
Z 1

!E;ji
(st)

!E;ji
�
st
�
dFE (!E) + (1� �E)

Z !E;ji(s
t)

0

!EdFE (!E) : (3)

The �rst term of �E
�
!E;ji (s

t)
�
illustrates the FIs�earnings when entrepreneurs do not

default. When !E;ji (s
t+1) � !E;ji (s

t) ; a group ji entrepreneur does not declare the de-
fault, and a type i FI receives the promised !E;ji (s

t)multiplied byRE (st+1)Q (st)Kji (s
t).

The second term of �E
�
!E;ji (s

t)
�
illustrates the FIs�earnings when entrepreneurs de-

clare the default. When !E;ji (s
t+1) < !E;ji (s

t) : a group ji entrepreneur declares the de-
fault, and a type i FI monitors it by paying �E!E;ji (s

t+1)multiplied byRE (st+1)Q (st)Kji (s
t) :

The type i FI then collects all of the entrepreneur�s earnings, !E;ji (s
t+1) multiplied by

RE (s
t+1)Q (st)Kji (s

t) :
For the convenience of analysis below, we de�ne ex post return on the loans from a

type i FI to the group ji entrepreneurs, RF (st+1) ; asZ
ji

�E
�
!E;ji

�
st
��
RE
�
st+1

�
Q
�
st
�
Kji

�
st
�
dji

� RF
�
st+1

� �
Q
�
st
�
Ki

�
st
�
�NE;i

�
st
��
for 8st+1jst; (4)

where

Ki

�
st
�
�
Z
ji

Kji

�
st
�
dji; NE;i

�
st
�
�
Z
ji

NE;ji
�
st
�
dji:

The left-hand side of equation (4) represents the earnings that a type i FI receives from a
continuum number of the FE contracts with group ji entrepreneurs, and Q (st)Ki (s

t)�
NE;i (s

t) represents the total amount of loans lent to the group ji entrepreneurs.

A.1.2 IF contract

Basic setting
The IF contract is made between an investor and a continuum of the FIs. In period t;

each type i FI holds the net worth NF;i (st) and makes loans to group ji entrepreneurs at
an amount of Q (st)Ki (s

t)�NE;i (st) : Since the FI�s net worth is smaller than its loans to
the entrepreneurs, it borrows the restQ (st)Ki (s

t)�NF;i (st)�NE;i (st) from the investor.
Each type i FI faces an idiosyncratic productivity shock !F;i (st+1), which we call the FIs�
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riskiness. This shock !F;i (st+1) represents the technological di¤erences across the FIs,
for example, those associated with risk management, the maturity mismatch control, and
loan securitization.4 Consequently, the FI�s receipt from the loans to the entrepreneurs
is given by !F;i (st+1)RF (st+1) (Q (st)Ki (s

t)�NE;i (st)) :5 Similarly to the FE contract,
there is informational asymmetry between the lender and the borrowers in the IF contract
and the investor can observe the realization of the shock !F;i (st+1) only by paying the
monitoring cost captured by �F : Under this environment, the IF contract speci�es:

6

� the amount of debt that a type i FI borrows from the investor, Q (st)Ki (s
t) �

NE;i (s
t)�NF;i (st) ; and

� a cut-o¤ value of idiosyncratic shock !F;i (st+1) ;which we denote by !F;i (st+1) ;
such that the FI is able to repay all of its debt if !F;i (st+1) � !F;i (s

t+1) and
declares the default if !F;i (st+1) < !F;i (st+1) :

FIs�pro�t from the two credit contracts
According to the IF contract, a portion

R1
!F;i(st+1)

dFF (!F ) of the FIs do not default
while the rest of them default. The net pro�t of a non-default FI i equals its earnings
from the FE contract multiplied by the idiosyncratic shock !F;i (st+1) minus repayment
to the investor:�

!F;i
�
st+1

�
� !F;i

�
st+1

��
RF
�
st+1

� �
Q
�
st
�
Ki

�
st
�
�NE;i

�
st
��
:

The FIs�loan rate ZF;i (st+1) is therefore given by

ZF
�
st+1

�
� !F;i (s

t+1)RF (s
t+1) (Q (st)Ki (s

t)�NE;i (st))
Q (st)Ki (st)�NF;i (st)�NE;i (st)

: (5)

Investors�participation constraint
Investors participate in the IF contract only when they are better o¤ by this. Note

that they make repayment to the household from what they earn from the IF contract.

4Alternatively, one may interpret !F;i (st) as an idiosyncratic productivity shock that is speci�c to a
group of �rms, such as those in the same industry i or those located in the same region i, and interpret
!E;ji (s

t) as �rm speci�c shock for those belonging to the same industry or region i. Suppose that there
is an in�nite number of industries (regions) that consist of an in�nite number of �rms and each type
i FI lends funds to only one of the industries (regions) i. Industry-speci�c (region-speci�c) shock then
a¤ects the type i FI�s earnings exclusively as if the FI is hit by an idiosyncractic productivity shock that
is speci�c to the type i FI.

5Similarly to the entrepreneurial riskiness !E;ji ; the FIs� riskiness !F;i is a unit mean, lognormal
random variable distributed independently over time and across FIs i. Its density function and its
cumulative distribution function are given by fF (!F ) and FF (!F ) ; respectively.

6Similarly to BGG (1999), the contents of the FI contracts, the cut-o¤ value !F;ji
�
st+1

�
is contingent

on the aggregate states. By contrast, because of the structure of equation (2), the cut-o¤ value !E;ji (s
t)

is not contingent on aggregate states.
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Denoting the risk-free rate of return in the economy by R (st) ; the investor�s net receipt
from the IF contracts must at least equal the return from the risk-free investment. That
is,

�F
�
!F;i

�
st+1

��
RF
�
st+1

� �
Q
�
st
�
Ki

�
st
�
�NE;i

�
st
��

� R
�
st
� �
Q
�
st
�
Ki

�
st
�
�NF;i

�
st
�
�NE;i

�
st
��
for 8i; st+1; (6)

where �F (!F;i (st+1)) is the share of pro�ts going to the lender:

�F
�
!F;i

�
st+1

��
� !F;i

�
st+1

� Z 1

!F;i(st+1)

dFF (!F )+(1��F )
Z !F;i(st+1)

0

!FdFF (!F ) : (7)

Similarly to BGG (1999), we assume that the IF contract is contingent on aggregate
states and the participation constraint (6) holds with equality state by state. Because
investors face perfect competition, at the equilibrium, their earnings from the IF contracts
equal to the amount of repayment to households in every state of the economy.

A.1.3 Optimal credit contract

Given the structure of the FE and the IF contract, a type i FI optimally chooses Kji (s
t) ;

!E;ji (s
t) ; Ki (s

t) ; and !F;i (st+1) : The expected pro�t of a type i FI is given by

X
st+1

Pr
�
st+1

� Z 1

!F;i(st+1)

�
!F;i � !F;i

�
st+1

��
dFF (!F )

!
�RF

�
st+1

� �
Q
�
st
�
Ki

�
st
�
�NE;i

�
st
��
: (8)

The FI maximizes the term (8), subject to the investor�s participation constraint (6)
and entrepreneurial participation constraint (2) for all of the group ji entrepreneurs. In
practice, the terms of credit contracts specify loan rates such as ZE;ji and ZF;j rather
than threshold idiosyncratic shocks�values �!F;i and �!E;i: As shown in equations (1) and
(5), choosing the threshold idiosyncratic shocks�values �!F;i and �!E;i is equivalent to
choosing the loan rates ZF;j and ZE;ji :
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The �rst-order condition is given by

0 =
X
st+1

Pr
�
st+1

� ��
1� �F

�
!F
�
st+1

���
�E
�
!E
�
st
��
RE
�
st+1

�
+
�0F (!F (s

t+1))

�0F (!F (s
t+1))

�F
�
!F
�
st+1

��
�E
�
!E
�
st
��
RE
�
st+1

�
� �0F (!F (s

t+1))

�0F (!F (s
t+1))

R(st)

+
f1� �F (!F (st+1))g�0E (!E (st))

�
0
E (!E (s

t))

�
1� �E

�
!E
�
st
���

RE
�
st+1

�
+
�0F (!F (s

t+1)) �F (!F (s
t+1)) �0E (!E (s

t))

�0F (!F (s
t+1)) �

0
E (!E (s

t))

�
1� �E

�
!E
�
st
���

RE
�
st+1

��
for 8ji; (9)

where �k (!k (st)) for k = fF;Eg is given by

�k
�
!k
�
st
��
�
Z 1

!k(st)

!k
�
st
�
dFk (!k) +

Z !k(st)

0

!kdFk (!k)

=
1p
2�

Z log!k(st)�0:5�2k
�k

�1
exp

�
�v

2
k

2

�
dvk

+
!k (s

t)p
2�

Z 1

log!k(st)+0:5�
2
k

�k

exp

�
�v

2
k

2

�
dvk:

This �rst-order condition illustrates the relationship between the external �nance
premium

P
st+1 Pr (s

t+1)RE (s
t+1) =R (st) and the cut-o¤ values !F (st+1) and !E (st) :

Equation (9) together with the two participation constraints, equations (2) and (6) char-
acterizes the optimal terms of the two credit contracts.
The relationship between the two net worths NF (st) and NE (st) and the external

�nance premium
P

st+1 Pr (s
t+1)RE (s

t+1) =R (st) is delivered by arranging equations (4)
and (6):
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P
st+1 Pr (s

t+1)RE (s
t+1)

R (st)
=

[1] ratio of the debt to the size of the capital investmentz }| {�
1� NF (s

t)

Q (st)K (st)
� NE (s

t)

Q (st)K (st)

�

�

[2] inverse of share of pro�t going to the investors in the IF contractz }| {
�F

�
!F

�
NF (s

t)

Q (st)K (st)
;

NE (s
t)

Q (st)K (st)

���1

�

[3] inverse of share of pro�t going to the FIs in the FE contractz }| {
�E

�
!E

�
NE (s

t)

Q (st)K (st)

���1
� S

�
nF
�
st
�
; nE

�
st
��
; (10)

where7

nF
�
st
�
� NF (s

t)

Q (st)K (st)
and nF

�
st
�
� NE (s

t)

Q (st)K (st)
:

Since RE (st+1) equals the aggregate return to capital in the equilibrium, for given
size of risk-free rate, a higher external �nance premium implies that capital investment
is more depressed. This premium is in�uenced by net worth to aggregate capital ratio
in the two sectors through the three terms in equation (10): [1] the ratio of total debt
to aggregate capital; [2] the share of pro�t in the IF contract going to the investors; and
[3] the share of pro�t in the FE contract going to the FIs.
The term [1] represents the capital investment leverage from the investor�s viewpoint.

Since the two credit contracts are chained, a decline in either of the two net worths
indicates a higher leverage to the investor. In compensation for the increase in the
expected default probability, therefore, the investor requires a higher return from the
investment regardless of the holder of the net worth. The terms [2] and [3] show how
each net worth a¤ects the external �nance premium. When net worth deteriorates, the
default probability increases, dropping the lenders�shares as indicated in equations (3)
and (7) due to the increases in the default costs. Other things being equal, a reduction
in the lenders�share needs to be met with an increase in the external �nance premium
so that the investor�s participation constraint is maintained.
The terms [2] and [3] are pinned down by equations (2) ; (6) ; and (9). It is notable

that the term [2] is a¤ected by both of the two net worths to aggregate capital ratios,
nF (s

t) and nE (st) ; and that the term [3] is a¤ected only by the entrepreneurial net

7Notice that because the ratio of net worth in each sector to aggregate capital nF (st) and nE (st)
are identical across types of the FIs and across the groups of entrepreneurs, subscripts i and ji are both
dropped from the expressions. Consequently, similarly to BGG (1999), the developments of these ratios
for individual FI and the entrepreneur are tracked by the ratio of aggregate net worth in each sector to
aggregate capital.
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worth to aggregate capital ratio nE (st). Accordingly, marginal changes in the two sec-
tors�net worth bring about a di¤erent size of impact on the external �nance premium.
Consequently, the distribution of the net worth across the FIs and the entrepreneurs has
a signi�cant implication for the investment and the aggregate economy. To see this more
in detail, in the following section, we investigate the property of S (nF (st) ; nE (st)) both
analytically and numerically.

A.1.4 Cost-of-Funds Curve

Role of the FIs�net worth and the entrepreneurial net worth
The external �nance premium

P
st+1 Pr (s

t+1)RE (s
t+1) =R (st) is negatively related

to the net worth in each of the borrowing sectors. That is, the cost-of-funds curve (10)
is downward sloping with respect to net worth to aggregate capital ratios:

@S (nF (s
t) ; nE (s

t))

@nF (st)
< 0 and

@S (nF (s
t) ; nE (s

t))

@nE (st)
< 0: (11)

We provide the analytical proof in the next section. This property is the same as that in
the model of BGG (1999), although there are two arguments nF and nE in our model,
while there is only one argument nE in BGG (1999).
For illustrative purposes, we also conduct numerical computation regarding how the

external �nance premium and the expected default costs vary with a size of one sector�s
net worth ratio, keeping one other�s net worth ratio unchanged.8 ;9 Figure 1 in the main
paper indicates that the external �nance premium is decreasing in both of the FIs�net
worth to capital ratio (left panel) and the entrepreneurial net worth to capital ratio
(right panel). As shown in the second term of equations (3) and (7), expected default
costs, the term multiplied by monitoring cost �E and �F ; are the key determinants of
the lenders shares in equation (10) ; a¤ecting the external �nance premium. Figure C
shows that, when a size of capital investment becomes large relative to entities� net
worth, which implies a smaller net worth to capital ratio, the expected default cost of

8In this section, unless otherwise noted, we set the model parameters pertaining to the two credit
contracts following BGG (1999) for comparison purpose. The values for parameters �E ; �E ; and 1�
E
are set equal to the values of the monitoring cost, the entrepreneurial riskiness and the entrepreneurial
death rate adopted in BGG (1999), respectively. It is assumed that �F = �E ; �F = �E ; and 
F = 
E
so that the two credit contracts are symmetric in terms of these parameters. In the following section,
we calibrate the model to the actual data of the U.S. economy and explore the quantitative aspects of
the model.

9Note that this exercise captures one-time snap shot of the outcomes on the IF and FE contracts of
a given amount of net worth NF (st) and NE (st). We discuss dynamic apsects of the model in sections
below.
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the corresponding credit contract elevates, leading to a higher external �nance premium
through the term [2] or [3] in equation (10). In addition, since a shortage of the two
entities�net worth implies a higher investment leverage for the investors, the term [1]
also helps increase the external �nance premium. FIs�net worth to capital ratio has no
e¤ect on the default cost in the FE contract, as the top-right panel shows in Figure C.
This comes from the participation constraint for entrepreneurs (2) that is independent
of nF (st).
The roles of the two net worths in determining the external �nance premium are

quantitatively di¤erent. This is because a change in the FIs�net worth to capital ratio
has no in�uence on the expected default cost of the FE contract, while a change in the
entrepreneurial net worth to capital a¤ects the expected default cost of both contracts, as
shown in Figure C. Because the entrepreneur�s participation constraint is independent
of the FI�s net worth while the investor�s participation constraint is a¤ected by the
entrepreneurial net worth, their impacts on the default probability becomes asymmetric.
Consequently, other things being equal, an increase in the entrepreneur�s net worth
reduces the external �nance premium more than does the FIs�net worth.10

Role of the distribution of net worth across sectors
We next discuss the implication of the distribution of net worth for the external

�nance premium. In contrast to BGG (1999) in which only the entrepreneurial net
worth is studied, our model consists of the two distinct net worths distributed to the FIs
and the entrepreneurs. Since the two net worths are not substitutable across sectors and
a¤ect the terms of the two credit contracts di¤erently, the relative size of each net worth
is important for the external �nance premium.
To see this distributional aspect of the model in detail, we display how the FIs�

share in the net worth alters the external �nance premium in Figure 2 in the main
text. The share of the net worth held by the FI sector is depicted on the horizon-
tal axis and the corresponding external �nance premium is depicted on the vertical
axis. We set the ratio of total net worth to the total amount of capital investment
(NE (s

t) +NF (s
t)) = (Q (st)K (st)) equals to 0.6. We �rst concentrate our analysis on

the case where the technology of the �nancial intermediation and the extent of the
borrowers�heterogeneity are identical across the two credit contracts. That is, parame-
ter values for the monitoring costs and riskiness are the same, namely, �F = �E and
�F = �E: The result under this symmetric assumption is reported by the solid lines in
each �gure.
The U-shaped cost-of-funds curve in Figure 2 indicates that a net worth disruption in

a sector with a lower net worth causes a disproportionately large increase in the external

10As we demonstrate below, however, our calibration based on the U.S. economy suggests that the size
of net worth and the technologies associated with the credit contracts are asymmetric across the two bor-
rowing sectors. Consequently, despite the argument here, the FIs�net worth plays a disproportionately
large e¤ect on the external �nance premium.
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�nance premium. In other word, a large discrepancy between the size of FIs�net worth
and that of the entrepreneurial net worth aggravates the condition of external �nance,
which dampens aggregate investment. By contrast, when the two sectors�net worths
are distributed more evenly, the external �nance premium is maintained at a low level,
encouraging aggregate investment. The two net worths thus work complementarily in
reducing the external �nance premium. This complementarity of the net worths makes
a sharp contrast with the existing related models, like Holmstrom and Tirole (1997),
where the distribution of the net worth plays no role in determining the external �nance
premium in the economy.
Figure D illustrates the same points from the viewpoints of the expected default costs.

When the FIs�net worth is relatively scarce, for instance NF (st) = (NF (st) +NE (st)) =
0:2; a unit transfer of the net worth from the entrepreneurs to the FIs lowers the expected
default cost of the IF contract signi�cantly, raising that of the FE contract only mod-
erately. Similarly, when the entrepreneurial net worth is relatively scarce, for instance,
NF (s

t) = (NF (s
t) +NE (s

t)) = 0:8; the same transfer lowers the expected default cost of
the IF contract only moderately, raising that of the FE contract signi�cantly. Because of
these non-linearities, the external �nance premium becomes highly sensitive to a change
in net worth in a sector that possesses a relatively scarce net worth.
These properties are a¤ected by the technology parameters and borrowers�hetero-

geneity parameters associated with the two credit contracts. In Figures 2 and D, the
lines with black circles and the dotted lines display the cost-of-funds curve and the
expected default costs when the monitoring costs are set to �F = �E=2 = �=2; and
�F=2 = �E = �=2; respectively. In the former economy, for example, because the FIs�
default is less costly, a scarcity in the FIs�net worth leads to a limited rise in the external
�nance premium. Consequently, the cost-of-funds curve is shifted downwards and tilted
to the left. A similar mechanism is at work in the latter economy.
In Figures 3 and E, the lines with black circles and the dotted lines display the cost-of-

funds curve and the expected default costs when the riskiness is set to �F = �E=2 = �=2;
and �F=2 = �E = �=2; respectively. Similarly to the consequence of reducing monitoring
costs, the decrease in the riskiness lowers the default cost and shifts the cost-of-funds
curve downwards. Because the credit friction stemming from the information asymmetry
is moderated in the IF contract, the default cost of the FIs in the IF contract falls, shifting
the bottom of the U-shape to the left.

A.1.5 Dynamic Behavior of Net Worth

The net worth of the FIs and the entrepreneurs, NF (st) and NE (st) ; evolves depending
on their pro�ts from the credit contracts and their labor income. Both FIs and entre-
preneurs inelastically supply a unit of labor to �nal goods producers and receive labor
incomeWF (s

t) andWE (s
t).11 The aggregate net worths of the FIs and the entrepreneurs

11See BGG (1999) and CMR (2008) for the technical reason behind this speci�cation.
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are given by

NF
�
st+1

�
= 
FVF

�
st
�
+WF

�
st
�
+ "NF

�
st
�
; (12)

NE
�
st+1

�
= 
EVE

�
st
�
+WE

�
st
�
+ "NE

�
st
�
; (13)

with their pro�ts:

VF
�
st
�
�
�Z 1

!F (st+1)

�
!F � !F

�
st+1

��
dFF (!F )

�
�E
�
!E
�
st
��
RE
�
st+1

�
Q
�
st
�
K
�
st
�
;

VE
�
st
�
�
 Z 1

!E(s
t)

�
!E � !E

�
st
��
dFE (!E)

!
RE
�
st+1

�
Q
�
st
�
K
�
st
�
:

Here, 
F and 
E are exogenous probabilities that each FI and entrepreneur survives to
the next period. The FIs and the entrepreneurs who are in business in period t and fail
to survive in period t+ 1 consume (1� 
F )VF (st) and (1� 
E)VE (st) ; respectively.
The net worth accumulations in both sectors are a¤ected by exogenous shocks rep-

resented by "NF (s
t) and "NE (s

t) that are orthogonal to the fundamental earnings from
the credit contracts. We assume these shocks are i.i.d. They may indicate �nancial
shocks that capture an �asset bubble,��irrational exuberance,�or an �innovation in the
e¢ ciency of credit contracts,�hitting the FI sector or the entrepreneurial sector.12

A.2 The Rest of the Economy

The setup for the rest of the economy is standard, following the BGG.

Household
A representative household is in�nitely lived, and maximizes the following utility

function:

max
C(st+l);H(st+l);D(st+l)

1X
l=0

�t+l
X
st+l

Pr
�
st+l
�8<:logC �st+l�� �H

�
st+l
�1+ 1

�

1 + 1
�

9=; ; (14)

subject to

C
�
st+l
�
+D

�
st+l
�
� W

�
st+l
�
H
�
st+l
�
+R

�
st+l�1

�
D
�
st+l�1

�
+�

�
st+l
�
� T

�
st+l
�
;

12The setting of these net worth shocks is borrowed from Gilchrist and Leahy (2002). See also
CMR (2008) and Nolan and Thoenissen (2009) for the interpretation of these net worth shocks under
credit market imperfection. In these studies, the exit ratio of entrepreneurs 
E ; that is analogous to

E in the equation (13) ; obeys the stochastic law of motion, generating an unexpected change in the
entrepreneurial net worth.
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where C (st) is �nal goods consumption, H (st) is hours worked, D (st) is real deposits,
W (st) is the real wage measured by the �nal goods; R (st�1) is the real risk-free rate
from the deposit D (st) between time t � 1 and t; and T (st) is the lump-sum transfer.
� 2 (0; 1) ; � and � are the subjective discount factor, the elasticity of leisure, and
the utility weight on leisure. The �rst-order conditions associated with the household�s
maximization problem are given by

1

C (st)
= �

X
st+1

Pr
�
st+1

�� 1

C (st+1)
R
�
st+1

��
; (15)

W
�
st
�
= �H

�
st
� 1
� C

�
st
�
: (16)

Final Goods Producers
Final goods producers are price takers in both input markets and output markets.

They hire three types of labor inputs: H (st) ; HF (st) ; and HE (st) ; from the household,
the FIs, and the entrepreneurs, and pay real wagesW (st) ; WF (s

t) ; andWE (s
t) to each

type of labor inputs, respectively. They rent capitalK (st�1) from the entrepreneurs with
a rental price RE (st) in the beginning of each period and return it to the entrepreneurs
at the end of each period. The maximization problem of the �nal goods producers is
given by

max
Y (st);K(st�1);H(st);HF (st);HE(st)

Y
�
st
�
+Q

�
st�1

�
K
�
st�1

�
(1� �)

�RE
�
st
�
Q
�
st�1

�
K
�
st�1

�
�W

�
st
�
H
�
st
�

�WF

�
st
�
HF
�
st
�
�WE

�
st
�
HE
�
st
�
;

subject to

Y
�
st
�
= A exp

�
eA
�
st
��
K
�
st�1

��
L
�
st
�1��

; and (17)

L
�
st
�
�
�
H
�
st
��1�
E�
F �HF �st��
F �HE �st��
E ;

where Y (st) is the �nal goods produced and A exp (eA (st)) is the level of total factor
productivity (TFP). � 2 (0; 1], �; 
E; and 
F are the depreciation rate of capital goods,
the capital share, the share of the FIs�labor inputs, and the share of the entrepreneurial
labor inputs. We assume that TFP evolves following the equation below:

eA
�
st
�
= �AeA

�
st�1

�
+ "A

�
st
�
; (18)

where �A 2 (0; 1) is the autoregressive root of the TFP and "A (st) is the exogenous shock
that is normally distributed with mean zero.
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The �rst-order conditions of the �nal goods producers are

�
Y (st)

K (st�1)
�RE

�
st
�
Q
�
st�1

�
+Q

�
st�1

�
(1� �) = 0; (19)

(1� �) (1� 
F � 
E)
Y (st)

H (st)
= W

�
st
�
; (20)

(1� �) 
F
Y (st)

HF (st)
= WF

�
st
�
; and (21)

(1� �) 
E
Y (st)

HE (st)
= WE

�
st
�
: (22)

Capital Goods Producers
Capital goods producers own technology that converts �nal goods to capital goods.

They sell capital goods to the entrepreneurs in a competitive market with price Q (st) :
In the beginning of the period t, the capital goods producers purchase I (st) amount of
�nal goods from �nal goods producers. They also receive K (st�1) (1� �) of used capital
goods from the entrepreneurs at price Q (st�1). They then produce capital goods K (st) ;
using technology FI : The capital goods producers�problem is to maximize the pro�t
function given below:

max
It

1X
l=0

X
st+l

Pr
�
st+l
�
�t;t+l(s

t+l)

�
�
Q
�
st+l
�
K
�
st+l
�
� (1� �)Q

�
st+l
�
K
�
st+l�1

�
� I

�
st+l
��
; (23)

where �t;t+l(st+l) � �C (st) =C
�
st+l
�
is a stochastic discount factor and FI is de�ned as

follows:

FI
�
I
�
st+l
�
; I
�
st+l�1

��
� �

2

 
I
�
st+l
�

I (st+l�1)
� 1
!2
:

Note that � is a parameter associated with investment adjustment cost.13

Because capital depreciates in each period, the evolvement of total capital available
in period t is given by

K
�
st
�
=
�
1� FI

�
I
�
st
�
; I
�
st�1

���
I
�
st
�
+ (1� �)K

�
st�1

�
: (24)

13A term for used capital K
�
st�1

�
sold by the entrepreneurs at the end of the period t� 1 does not

appear in equation (23) : This is because, following BGG (1999), we assume that the price of capital
that the entrepreneurs sell back to the capital goods producers, say Q (st) ; is close to the price of newly
produced capital Q (st) around the steady state.
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Government
The government collects a lump-sum tax from a household T (st) ; and spends G (st).

A balanced budget is maintained in each period t as

G
�
st
�
= T

�
st
�
: (25)

Resource Constraint
The resource constraint for �nal goods is written as

Y
�
st
�
= C

�
st
�
+ I

�
st
�
+G

�
st
�

+ �F

 Z !F (st+1)

0

!FdFF (!F )

!
RF
�
st
� �
Q
�
st�1

�
K
�
st�1

�
�NE

�
st�1

�	
:

+ �E

 Z !E(st)

0

!EdFE (!E)

!
RE
�
st
�
Q
�
st�1

�
K
�
st�1

�
+ (1� 
F )VF

�
st
�
+ (1� 
E)VE

�
st
�
: (26)

The fourth and the �fth terms on the right-hand side of the equation represent the
default costs spent by the investors and the FIs, respectively. The sixth and seventh
terms represent the consumption of the FIs and the entrepreneurs who exit from the
business in period t, respectively.

A.3 Equilibrium Condition

An equilibrium consists of a set of prices, fR (st) ; RF (st) ; RE (st) ; W (st) ; WF (s
t) ;

WE (s
t) ; Q (st) ; RF (s

t+1) ; RE (s
t+1) ; ZF (s

t+1) ; ZE (s
t+1)g1t=0, and the allocations ff!F;i (st+1)g1i=1g1t=0;

ff!E;ji (s
t)g1ji=1g

1
t=0; ffNF;i (st)g1i=1g1t=0; ffNE;ji (s

t)g1ji=1g
1
t=0, fY (st) ; C (st) ; D (st) ;

I (st) ; K (st) ; H (st) ; �(st)gg1t=0; for a given government policy fG (st) ; T (st)g1t=0,
realization of exogenous variables f"A (st) ; "NF (st) ; "NE (st)g1t=0 and initial conditions
fNF;i;�1g1i=1; fNE;ji;�1g

1
ji=1
; fK�1g such that for all t; i; ji and h :

(i) the household maximizes its utility given the prices;
(ii) the FIs maximize their pro�ts given the prices;
(iii) the entrepreneurs maximize their pro�ts given the prices;
(iv) �nal goods producers maximize their pro�ts given the prices;
(v) capital goods producers maximize their pro�ts given the prices;
(vi) the government budget constraint holds; and
(vii) markets clear.
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B Proof of a Downward Slope of the Cost-of-Funds
Curve

In this appendix, we provide the proof for inequality (11). As in BGG (1999), we neglect
aggregate risks and express variables without state st. First, let us calculate the partial
derivatives of �k and �k de�ned in Appendix A with respect to !k for k = fF;Eg: It is
simple to show

�0k =
1R
!k

dF > 0; �00k = �!k < 0;

�0k =
1R
!k

dF � �k!k; and �00k = �!k � �k < 0: (27)

When !k is lower than a certain threshold !�k; then we have

�0k > 0: (28)

We assume that this condition is satis�ed as BGG (1999) show in Appendix A.1 in their
paper.
Second, we analyze the partial derivative of S(nF ; nE) = RE (!F (nF ; nE); !E(nF ; nE)) =R

with respect to !F and !E: The partial derivative of equation (9) with respect to !F
yields

��
0
F�

0
ER

RE

@RE
@!F

= (1� �F )�00F�E�E + �00F�0E (�F�ERE �R)

+ (1� �F )�00F�0E(1� �E)RE + �00F�F�0E(1� �E)RE:

Eliminating R on the right-hand side of the equation using equation (9), we obtain

��
0
F�

0
ER

RE

@RE
@!F

= (1� �F ) (�E�0E + �0E(1� �E))
�
�00F �

�00F�
0
F

�0F

�
RE

= (1� �F ) (�E�0E + �0E(1� �E))
�
��F (�

0
F + !

2
F )

�0F

�
RE

< 0;

and in turn,
@RE
@!F

> 0: (29)

Similarly, we can prove
@RE
@!E

> 0: (30)
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Third, we compute the partial derivatives of !k with respect to nk for k = fF;Eg:
The entrepreneurs�participation constraint (2) is written as

1� �E = nE; (31)

which yields
@!E
@nF

= 0 and
@!E
@nE

= � 1

�0E
: (32)

The investors�participation constraint (6) is given by

�F�ERE = R(1� nF � nE): (33)

Its partial derivatives with respect to nF and nE read

@!F
@nF

�0F +
@!E
@nF

�0E +
@!F
@nF

@RE
@!F

+
@!E
@nF

@RE
@!E

= �R; and

@!F
@nE

�0F +
@!E
@nE

�0E +
@!F
@nE

@RE
@!F

+
@!E
@nE

@RE
@!E

= �R:

From (32), these two equations are simpli�ed to

@!F
@nF

�
�0F +

@RE
@!F

�
= �R; and

@!F
@nE

�0F �
1

�0E
�0E +

@!F
@nE

@RE
@!F

� 1

�0E

@RE
@!E

= �R: (34)

The former equation reveals
@!F
@nF

< 0 (35)

from equation (29). Therefore, we can prove that

@RE
@nF

=
@!F
@nF

@RE
@!F

+
@!E
@nF

@RE
@!E

=
@!F
@nF

@RE
@!F

< 0:

The cost of curve decreases as nF increases. The latter equation of (34) leads to

@!F
@nE

=

�
�0F +

@RE
@!F

��1�
�0E
�0E

+
1

�0E

@RE
@!E

�R
�
:

Inserting this into
@RE
@nE

=
@!F
@nE

@RE
@!F

+
@!E
@nE

@RE
@!E

;

we have
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@RE
@nE

=

�
�0F +

@RE
@!F

��1�
�0E
�0E

+
1

�0E

@RE
@!E

�R
�
@RE
@!F

� 1

�0E

@RE
@!E

=

�
�0F +

@RE
@!F

��1�
�0E
�0E

@RE
@!F

�R@RE
@!F

� �
0
F

�0E

@RE
@!E

�
=

�
�0F +

@RE
@!F

��1�
�0E � �E!E

�0E

@RE
@!F

�R@RE
@!F

� �
0
F

�0E

@RE
@!E

�
=

�
�0F +

@RE
@!F

��1�
�
�
R� 1 + �E!E

�0E

�
@RE
@!F

� �
0
F

�0E

@RE
@!E

�
< 0; (36)

as long as R > 1: Therefore, the cost of curve decreases as nE increases.
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C The BGG Model

In this appendix, we provide equilibrium conditions of our BGG model. The key dif-
ference between our baseline model and the �BGG model� is that the model abstracts
from the credit constrained FIs and that it is the entrepreneurs instead of the FIs that
solve the pro�t maximization problem in the BGG model. Similarly to BGG (1999), the
entrepreneurs in the BGG model solves their pro�t maximization problem subject to the
participation constraint of the FIs that is speci�ed as follows:"Z 1

!E(st+1)

!E
�
st+1

�
dFE (!E) + (1� �E)

 Z !E(st+1)

0

!EdFE (!E)

!#
RE
�
st+1

�
Q
�
st
�
K
�
st
�

� R
�
st
� �
Q
�
st
�
K
�
st
�
�NE

�
st
��
; (37)

where !E (st+1) is the cut-o¤ value in the credit contract between the entrepreneurs and
the FIs and R (st) is risk-free rate. Here, the FIs collect deposits from households and
lend them to the entrepreneurs in a competitive manner. Consequently, similarly to
BGG (1999), the FIs earn zero pro�t and do not accumulate their own net worth and
only the entrepreneurial net worth plays a role in the �nancial accelerator e¤ect. Apart
from the structure of the credit market, the rest of the BGG model, including goods
market, is the same as the baseline model.
The equilibrium conditions in the BGG model are given by equations (13), (15), (16),

(19), (20), (22), (24) ; and the participation constraint that is speci�ed above as well as
following two equations that correspond to equations (9) and (26) in the benchmark
model:

0 =
X
st+1

Pr
�
st+1

� �
1� �E

�
!E
�
st+1

���
RE
�
st+1

�
+
�0E (!E (s

t+1))

�0E (s
t+1)

�E
�
st+1

�
RE
�
st+1

�
� �

0
E (!E (s

t+1))

�0E (s
t+1)

R(st); and (38)

Y
�
st
�
= C

�
st
�
+ I

�
st
�
+G

�
st
�

+

 
�E

Z !E(st)

0

!EdFE (!E)

!
RE
�
st
�
Q
�
st�1

�
K
�
st�1

�
+ CE

�
st
�
; (39)

with

CE
�
st
�
�
�
1� �E

�
!E
�
st
���

RE
�
st
�
Q
�
st�1

�
K
�
st�1

�
:

Here, the �rst equation describes the �rst order condition for the entrepreneurs and the
second equation describes the resource constraint in the economy.
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D The Modi�ed BGG Model

In this appendix, we provide equilibrium conditions of our modi�ed BGG model. In
this model, the participants of the credit markets are FIs and entrepreneurs. As in the
BGG model, the FIs are not credit constrained. However, unlike the BGG model and
like our baseline model, the FIs are monopolistic loan suppliers to the entrepreneurs.
Not the entrepreneurs but the FIs maximize their pro�ts. The entrepreneurs join the
credit contracts only when the return from the credit contract is at least equal to their
opportunity costs.
A type i FI makes loans of Q (st)Ki (s

t) � NE;ji (st) to group ji entrepreneurs. It
�nances the loan by collecting deposit from households with risk-free rate R (st) : From
lending to a group ji entrepreneur, an FI expects to earn the amount of�E

�
!E;ji (s

t)
�
RE (s

t+1)
Q (st)Kji (s

t) :Thus, the FI optimally chooses Kji (s
t) and !E;ji (s

t) to maximize their
expected pro�t described as follows:

�E
�
!E;ji

�
st
��
RE
�
st+1

�
Q
�
st
�
Kji

�
st
�
�R

�
st
� �
Q
�
st
�
Ki

�
st
�
�NE;i

�
st
��
: (40)

Note that entrepreneurs face the participation constraint that is the same as that under
the baseline model. A participation constraint of a group ji entrepreneur is therefore
given by X

st+1

Pr
�
st+1

�
RE
�
st+1

�
Q
�
st
�
Kji

�
st
� �
1� �E

�
!E
�
st+1

���
�
X
st+1

Pr
�
st+1

�
RE
�
st+1

�
NE;ji

�
st
�
for 8ji: (41)

Arranging the �rst-order condition gives the following condition for the optimal con-
tract:

0 =
X
st+1

Pr
�
st+1

� �
1� �E

�
!E
�
st+1

���
RE
�
st+1

�
+
�0E (!E (s

t+1))

�0E (s
t+1)

�E
�
st+1

�
RE
�
st+1

�
� �

0
E (!E (s

t+1))

�0E (s
t+1)

R(st): (42)

This expression is exactly the same as that in the BGG model. Therefore, di¤erences
between the BGG model and the modi�ed BGG model in terms of contents of credit
contract, Kji (s

t) and !E;ji (s
t) ; arise from the participation constraint: equation (41)

for the modi�ed BGG model and equation (37) for the BGG model.
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